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1 Introduction 

In a letter to J. Tate written in 1987 ( |Ser96j V J-P. Serre gives an adelic interpretation of the systems of Hecke 
eigenvalues occurring in the space of (modp) elliptic modular forms: Serre proves that these eigensystems coincide 
with the Hecke eigensystems obtained from locally constant functions *8^\*8^ Fp, where !B is the quaternion 
Q-algebra ramified at p and oo, and *8 is its adelization; the algebra 58 naturally appears when evaluating modular 
forms at supersingular elliptic curves over Fp. 

This result fits into the more general settings of a (modp) Langlands philosophy, and it was originally closely 
related to the study of Serre conjecture; it can also be regarded as the starting point for defining the notion of 
algebraic modular forms, as it was done by B. Gross in Gro99j. 

In [Ghi04aj . A. Ghitza generalizes Serre's result to (modp) Siegel modular forms of genus 5 > 1; in this context 
the algebraic group is replaced by GC/g(*B), an inner form of GSp2g over Q. It is interesting to notice that to 
obtain the Hecke correspondence for (7 > 1, it is not enough to restrict modular forms to the supersingular locus of 
the Siegel moduli variety over Fp, since this locus has positive dimension: one needs to restrict modular forms to 
the superspecial locus of the Siegel variety. 

It was suggested to us by B. Gross that one could expect results similar to the ones of Serre and Ghitza in more 
general settings, the basic idea being that the systems of (modp) Hecke eigenvalues for modular forms associated 
to some reductive group G over Q should coincide with the systems arising from (modp) algebraic modular forms 
associated to an inner form / of G over Q satisfying some properties: for example / should be compact modulo 
center at infinity. 

In this paper we investigate the existence of the above correspondence in the context of modular forms arising 
from Shimura varieties of PEL-type; while the procedure we follow generalizes to any PEL-situation of type A or 
C, provided the supersingular locus of the corresponding Shimura variety is non-empty, we present full details only 
for the case of modular forms arising from Picard modular varieties (type A). 

To state the main result we fix some notation: let p be an odd prime and k — Q(v^) be a quadratic imaginary 
field in which p is inert; let g be a positive even integer and let r, s be non-negative integers such that r+s = g. These 
data define the connected reductive Q-group G = GUg{k]r, s) of type A, which is the unitary group associated 
to the extension fc/Q and of signature (r, s); fixing an embedding of k inside the quaternion Q-algebra *B of 
endomorphisms of a fixed superspecial elliptic curve over Fp, we can define an inner form / of G over Q so that: 

/(Q) = {X e GUgi'B) : X • $ = $ • X}, 
where $ is the matrix [ ^ ^IT'* ) . Let iV > 3 be an integer not divisible by p and set: 

U{N) : = ker (^GUg (Ok ®z 2^; r, s) GUg (^Ok ®z ^ ; r, s 

Up : = ker (/(Zp) ^ G(C/, x Us){¥p2)^ , 

where tt denotes the reduction map modulo a uniformizer of S. The main result of the paper, contained in Theorem 
Km is: 

Theorem 1.1 The systems of Hecke eigenvalues arising from [r, s)- unitary PEL-modular forms (modp) for the 
quadratic imaginary field k, having genus g, fixed level N and any possible weight p : GLg — )■ GLjy^(^p^, are the 
same as the systems of Hecke eigenvalues arising from (modp) algebraic modular forms for the group I having level 
Up X U{N) C I{^f) and any possible weight p' : G(Ur x Us) — > GL^Hpty 

An important tool to prove the above result will be for us the use of a uniformization result for some isogeny 
classes on PEL-moduli varieties, due to M. Rapoport and Th. Zink (Theorem 14. 3p . We fix ap-divisible group with 
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additional structure (X, Ax, «x), where X — is superspecial, Ax is the Zp-class of a fixed principal polarization 
of X, and ix is an action of the order Ok on X. We can adapt the uniformization result of Rapoport and Zink in 
order to uniformize only the finitely many points in the supersingular locus of the Picard moduli variety having 
p-divisible group isomorphic to (X, Ax,*x) (Corollarv l4.13l) . This finite set will be our superspecial locus. 
Since the cotangent space of the fixed p-divisible group (X, Ax, *x) has automorphism group naturally isomorphic 
to G{Ur X Us){¥p2), we are able to put differentials into the picture, and realize all the (modp) Hecke eigenvalues 
of algebraic modular forms for the group / in the space of superspecial modular forms, and viceversa (Proposition 
I5.16|) . Finally, we use an argument that is a modification of the one appearing in ^Ghi04a] Th. 28, to conclude that 
the set of superspecial Hecke eigenvalues coincide with the set of all the (modp) Hecke eigenvalues. 

In the more general settings of PEL- varieties over ¥p of type A and C, whose superspecial locus is non-empty, 
the group / should be taken to be the Q-group of automorphisms of a fixed triple (^o,*o, Ao) defining a point in 
the superspecial locus of the PEL-variety; the uniformization result of Rapoport and Zink can be applied in this 
general context, since the p-divisible group of a superspecial abelian variety is basic (cf. I2.1.3|) . 

As an application of the main theorem of the paper, we obtain (cf. Theorem l5.19p that the number J\f of (modp) 
Hecke eigensystems arising from unitary modular forms of signature (r, s), fixed level N as above and any weight 
is finite and satisfies the following asymptotic with respect to p: 

AAe 0(ps'+9+i-''''). 

The paper is organized as follows: Section 2 recalls the basic definitions and results that one needs in order 
to state a representability theorem for some moduli functor of p-divisible groups, as considered by Rapoport and 
Zink in |MR96bj : in Section 3 we recall the basic facts on PEL-moduli varieties and PEL- modular forms; in Section 
4 we present the construction of the uniformization morphism of Rapoport and Zink for basic isogeny classes in 
PEL-Shimura varieties, and the modification we need to parametrize our superspecial locus. The final Section 5 
presents the settings and the computations that allow us to compare (modp) Hecke eigensystems for PEL-modular 
forms of unitary type, and (modp) Hecke eigensystems for algebraic forms for the group /: the main theorem is 
here stated and proven, and the number of (modp) Hecke eigenvalues is estimated. 

The reader might prefer to start reading the paper from section I4.2.2[ and might refer to paragraph 12.21 for 
the definition of the moduli problem of p-divisible groups that appears in the formulation of Theorem 14.31 and to 
paragraph 14 . II for the description of the Rapoport-Zink uniformization morphism. 



I would like to address my gratitude to C. Khare for introducing me to the topics studied in this paper, and 
to B.H. Gross for suggesting to me the problem treated here. I would also like to thank Khare for his valuable 
supervision, and for sharing with me a note of N. Fakhruddin solving a problem with the Hecke equivariance of a 
map considered in jGhi04aj . 

I am grateful to N. Fakhruddin for signaling a problem contained in a previous version of the paper relatively to 
the Kodaira-Spencer isomorphism, and for other valuable remarks. I thank H. Hida and M-H. Nicole for explaining 
to me that, in suitable circumstances, the natural map from the Picard moduli scheme to the Siegel moduli scheme 
is a closed immersion. I would like to further thank J. Tilouine for an interesting conversation we had on the 
subject of this paper. 
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2 Moduli of j9-divisible groups of PEL-type 



2.1 p-di visible groups 

We recall basic facts about p-divisible group; the main references are |Deni72j . |Fon77j . |Mes72| and [MR96b) , 
2.1-2.8. 

2.1.1 Basic definitions 

Fix a scheme S. By an S'-group we mean a f.p.p.f. sheaf of commutative groups on the site {Sch/S)f,p,p,f,, whose 
underlying category is the category of S'-schemes, endowed with the Grothendieck f.p.p.f. topology. An S'-group 
that is representable is called an S* -group-scheme. For any positive integer n and any S'-group G we denote by G[n\ 
the kernel of the S-morphism n ■ Iq ■ G ^ G given my multiplication by n; G[n\ is an S'-group. 

Fix a positive prime integer p. An S-group G is a Barstotti-Tate group (or a p-divisible group) if the following 
three conditions are satisfied: (1) G — limG[p"]; (2) the morphism [p] : G —?' G is an epimorphism; (3) G[p] is a 

finite locally free group-scheme over S. 

By the theory of finite group-schemes over a field, the rank of the fiber of G[p] at a point s € S is of the form 
pH^) ^ where /i : S — )■ Z is a locally constant function on S; the rank of the fiber of G[p"] at s is p^'^^^') for any n > 1. 
If ft, is a constant function (e.g., when S = Spec{k) for a field k), its only value is called the height ht{G) of G. 

A morphism f : G ^ H oi p-divisible groups over S is said to be an isogeny if it is an epimorphism of f.p.p.f. 
sheaves whose kernel is representable by a finite locally free S'-group scheme. If S' is a scheme over S'pec(Zp) in 
which p is locally nilpotent, then the kernel of an isogeny / : G — > is finite of rank p^ where /i' : 5 — > Z is locally 
constant; if h' is constant, its only value is called the height of /. 

The Z-module IIom5'(G, iJ) of homomorphisms from G to is a torsion-free Zp-module. A quasi-isogeny f from 
G to is global section of the sheaf iooms(G, H) ®z Q such that any point s of S' has a Zariski open neighborhood 
on which p"/ : X — >■ F is an isogeny for some positive integer n = n{s). We denote by Qisgs{G, H) the group of 
quasi-isogenies from G to H. 

We have the following rigidity property (cf. |MR96b| . 2.8): 

Proposition 2.1 Let G and H be p-divisible groups over a scheme S in which p is locally nilpotent; let S' C 
S be a closed subscheme whose defining sheaf of ideals is locally nilpotent. Then the canonical homomorphism 
Qisgs{G, H) — >■ Qisgs>(Gs',Hs>) is bijective. 



Recall that for any finite fiat group scheme X over S, the Cartier dual D{X) (or X^) of X is the finite locally 
free S'-group-scheme defined by D{X){T) :— IIomT(GT,G„i X5 T) (T any S-scheme). The assignment D induces 
an additive anti-duality on the category of finite and locally free S-group schemes. Let G be a p-divisible group over 
S. The Serre dual of G, denoted by G (or G^ , or D{G)), is the p-divisible group defined as G := limZ?(G [p"]), 

where the map D{G[p"]) — > £'(G[p"+^]) in the direct system is given by D{[p]) for each n. 

If G is a p-divisible group over S, then G[p"] = £'(G[p"]) for any n. The assignment G ^ G extends to 
morphisms in an obvious way and gives rise to an anti-duality in the category of p-divisible groups over S (notice 
this category is not abelian) which is compatible with base changes. There is a canonical isomorphism of p-divisible 

groups G ^ G. 

An S -polarization of a p-divisible group G over S is an anti-symmetric S'-quasi-isogeny X : G ^ G. A (Qp- 
homogeneous S -polarization of G is the set A = A of p-adic non-zero multiples of an S-polarization of G. A 
principal S-polarization is an S'-polarization that is also an isomorphism of p-divisible groups. (A polarization A of 
G is anti-symmetric in the sense that A = —A, where A denotes the Serre dual of A, viewed in the canonical way as 
a map from G to G; the reason one requires the polarization to be anti-symmetric can be found in jOda69| , Prop. 
1.12: a polarization of an abelian variety A over Fp induces a polarization of the associated p-divisible group in the 
sense of the above definition) . 

Let O be a Zp-algebra with involution *; an action of {Of ) on G is a homomorphism of Zp-algebras i : O ^ 
End5(G). If G is endowed with such an action i, then G is endowed with the dual action i given by setting 
i{a) :— i{a*) for any a £ O, and we say that an S'-polarization X : G ^ G respects the 0-action if A o i = i o A. 
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2.1.2 Dieudonne modules 

Fix a perfect field k of characteristic p > and denote by a its absolute Frobenius morphism. Denote by W the 
ring scheme over k of Witt vectors, and let : W — >■ W be the Verschiebung morphism. The absolute Frobenius 
morphism F on W is a ring-scheme homomorphism and one has FV — VF — p ■ zdw- If i? is a fc-algebra, we denote 
by Wr (or by W{R), or simply by W if no confusion arises) the ring W(i?). 

For the proof of most of the resuUs that follow, cf. jDem72j and !Fon77| : cf. also |KZL98j . 1-5 and |OB09j . 

Let W be the ring Wk and denote by Kq its quotient field. Also, denote by a the absolute Frobenius morphism 
induced hy a : k ~^ k on W and on Kq. 

An isocrystal over Kq is a finite dimensional i^o-vector space Dq endowed with a Frobenius it^p-semilinear 
automorphism F : Dq — )■ Dq; we denote isocrystals as pairs {Dq,F) and we will call the -ftTo-automorphism pF~^ 
the Verschiebung of the isocrystal, and denote it by V. The dimension of the vector space Dq over Kq is called the 
height of the isocrystal; the p-adic valuation of det F is called the dimension of the isocrystal. 

Let if be a finite field extension of Kq. A filtered isocrystal over K is an isocrystal {Dq,F) over Kq endowed 
with a decreasing filtration Fil{DQ)* := F* of the iC-vector space Dq ®Ko K such that F^ — Q and F'^ = Dq ®Kq K 
for some integers r, s with r > s. Isocrystals over Kq form an abelian Qp-category, while filtered isocrystal over K 
do not form an abelian category. 

For n £ Z, define the Tate object in the context of isocrystals over Kq as l{n) :— {KQ^p'^a). As a filtered 
isocrystal over some K, we set Fil{l{n)Y = K ior i < n and Fil{l{n)Y = for i > n. For a given isocrystal Dq 
over Kq we define DQ{n) := Do 

Let A — s/r £ Q where r,s £ Z, are coprime integers and r > 0. Define D\ (also denoted I?r,s) to be the 
isocrystal (iiTg , F := ^ ■ a) where $ is the r x r matrix having entry 1 on any slot of the first upper-diagonal, entry 

in the last row of the first column, and zeros elsewhere. Notice that Dx has height r and dimension s. 
Over an algebraically closed field, we understand the category of i^Q-isocrystal (cf. |Dem72| . IV, 4): 

Theorem 2.2 Ifk = k, the abelian category of KQ-isocrystals is semi-simple, and the simple objects of this category 
are given, up to isomorphism and without repetition of isomorphism classes, by the Dx (X £ Q). 

Let k be algebraically closed; if N is an isocrystal over Kq — W{k)[-], the component of the slope \ £ Q in N 
is the sum of the subspaces of N isomorphic to Dx- The multiplicity of A is the -fCo-dimension of this component. 
The slope sequence of N is the non-decreasing sequence Xi < ... < Xh {h ~ dimxo N) of all slopes of iV, each 
appearing according to its multiplicity. We say that N is isoclinic if Ai = A„. 

Let W[F, V] be the quotient of the associative free H^-algebra generated by the indeterminates F, V with respect 
to the relations: Fa = a'^F, Va'^ — aV, FV = VF = p (any a £ W). A Dieudonne W -module is a finitely generated 
left W[F, y]-module. An F-lattice over W is a, W-iree module of finite rank endowed with a Frobenius semilinear 
injective endomorphism F. An F-lattice embedded as a subobject in an isocrystal {Do,F) is called a crystal if it 
is stable under the Verschiebung map. 

If D is an F-lattice over W with Frobenius F such that pD C FD, there a unique operator V : D ^ D can 
be defined on D in such a way that D becomes a module over W[F, V] (i.e. a Dieudonne module that is finite 
and free as a W^-module): if x £ D, we set Vx := y if and only if px = Fy. If D is an F-lattice over W, then 
D i^w Qp is an isocrystal over Kq; on the other side, every F-lattice can be realized as an F-stable VF-sublattice 
of some isocrystal. In particular, W-iree finite Dieudonne modules are just VF-sublattices of isocrystals that are 
stable under F and V : = pF~^. 

Let D be a Dieudonne module over W that is a finite free Vl^-module; a polarization of D is a VF-bilinear 
non-degenerate alternating form {,) : D x D ^ W such that {Fx, y) = {x, VyY for all x,y £ D; a. Zp-homogeneous 
polarization of D is the equivalence class of -multiples of a given polarization. A polarization is called a principal 
polarization if it is a perfect pairing. 

If Dq is an isocrystal over Kq, a polarization of Dq is a Xo-bilinear non-degenerate alternating pairing of 
isocrystals (,) : Dq x Dq — )• Kq{1), where Kq{1) — {KQ,pa); this means that (,) is a isTg-bilinear non-degenerate 
alternating pairing such that {Fx,Fy) = p{x,y)'^ for all x,y £ Dq. One defines Qp-homogeneous polarizations in 
a similar way as above. 

If Z? is a Dieudonne module over W that is finite and free as VF-module, and it is endowed with a polarization 
(, ) : Dx D ^ W, then Dq := D[^] is canonically endowed with a polarization of isocrystals (, ) : Dq x Dq Kq{1). 
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Viceversa, if we start with a polarization of the isocrystal D[-] such that its restriction to D x D takes value into 
W, then a polarization of D remains defined (it needs not to be principal). 

We have the following classification result (cf. |Fon77) . |Dem72) ) : 

Theorem 2.3 There is an additive anti- equivalence M of categories from the category of p- divisible groups over k 
and the category of Dieudonne modules over W that are free and of finite rank as W -modules. If G is a p-divisible 
group over k we call M(G) its Dieudonne module, and we have: 

1. the height of G is equal to the W-rank of M(G)] 

2. if k' jk is an extension of perfect fields, there is a canonical functorial isomorphism of Dieudonne modules 
M{Gk')^M{G) (g>wWk'; 

3. there is a canonical functorial isomorphism M{G) ~ Hoinvi/(M(G), VF) of Dieudonne modules, where the 
W[F, V]-structure on the left hand side is given by: iFf){x) = fiVx)" and iVf){x) = f{FxY'^ (x^ M(G), 
f ^'Romw{M{G),W)); 

4- M{G[n]) ~ M(G)/p"'M{G) for any positive integer n. 

The functor Af* defined as M^{G) := M{G) for any p-divisible group G over k is called the covariant Dieudonne 
functor] in general we can switch from statements using the contravariant Dieudonne functor into statements with 
the covariant Dieudonne functor, by using duality of commutative formal groups. In the sequel, we will sometimes 
use Af* instead of M, as it is easier to work with covariant functors than with contravariant. 

If D = M{G) for some p-divisible group G over k, then D[^\ := D ®w Qp is an isocrystals over and D is 
an F-lattice over W (and also a crystal). The functor M of Theorem 12.31 gives rise to an additive anti-equivalence 
between the category of p-divisible groups over k and the category of F-lattices D over W such that pD C FD. 
If Gi and G2 are two p-divisible groups over fc, a morphism / : Gi -> G2 is an isogeny if and only if M{f) : 
M{G2) M{Gi) is injective, if and only if coker A<r(/) is finite, and if and only if M{f) induces an isomorphism 
M{G2)[^] — >■ Af(Gi)[^] of isocrystals over i^o. The classification of p-divisible groups over k up to isogenics is 
equivalent to the classification of isocrystal over Kq that contain a lattice stable under F and pF~^. Also, there 
is a bijection between the set of quasi-isogenies Gi — > G2 and the set of isomorphisms A/(G2)[^] — A/(Gi)[i] of 
isocrystals. 

Theorem 2.4 (Dieudonne - Manin) Let k be algebraically closed; then every p-divisible group G over k can be 
written, up to isogeny, as: 

0<A<1 

where X is a rational number between and 1 (included), and g{X) is a non-negative integer, equal to zero for all 
A except at most a finite number of them. This decomposition (up to isogeny) is uniquely determined by G. 

If G is a p-divisible group over k and we write G ~ ®o<a<i G®^^^^ as in the above theorem, the slope sequence 
of G is the slope sequence of the associated isocrystal, hence it is given by < Ai < ... < A/i < 1 (where h = ht{G)) 
and G is isoclinic if and only if G ^ G^ for some slope A and some g > 0. We have that h = ht{G) and 
ht{G) = dimG -I- dimG; furthermore G has slope sequence < 1 — A/i < ... < 1 — Ai < 1. 

The following result will be crucial later (cf. |Dem72| . page 92): 

Proposition 2.5 Let k be algebraically closed. If the p-divisible group G over k is isogenous to Gi/r (resp. to 
G(r_i)/rj, then G is isomorphic to it. 

Let G be a p-divisible group over k endowed with a left action i of a Zp-algebra with involution (O, *); then 
M(G) is endowed, by functoriality, with a left action of 0°pp . On the other side, M^,{G) is endowed with an action 
of O. The anti-equivalence of Theorem 12.31 gives the following: 

Proposition 2.6 Let k be any perfect field of characteristic p. 
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1. A polarization X : G ^ G of a p-divisible group over k that it is also an isogeny determines a polarization of 
M{G) = M{G) which is principal if and only if X is principal (in this case, it can then be identified with a 
principal polarization of M{G)). Viceversa, a polarization (resp. principal polarization) of M{G) determines 
a polarization (resp. principal polarization) of G. If X : G ^ G is a polarization (and not necessarily an 
isogeny), it induces a polarization o/M(G)[i], and viceversa. 

2. Let G be a p-divisible group endowed with the action i of a Zp-algebra with involution (O,*), and let X 
be a polarization of G respecting such an action; then the polarization (, ) induced on the left 0°^^ -module 
M{G)[^] is skew-hermitian with respect to the involution acting on M{G), i.e. {bf,g) ~ {f,b*g) for all 

b £ 0°^^,f,g G M{G). The viceversa is also true. 

Proof. Let A : G — ^ G be a polarization that is also an isogeny of p-divisible groups. Then M{X) : M{G) — 
M{G) is a monomorphism of Dieudonne modules. Using the canonical identification M{G) = Homvi/(M(G), W) 
coming from Theorem 12. 3[ we obtain a non-degenerate VF-linear pairing (,) : M{G) x M{G) — W defined by 
f{M{X)[g)) for any /,5 e \louvw{M{G),W). We have (F/,g) = {F f){M{X){g)) = f {V M {X){g)Y^- 
since M(A) is a map of Dieudonne modules, it commutes with V, so that {Ff,g) — f{M{X){Vg))'^ — {f^Vg)". 
Furthermore, (/, = g{M{X){f)), so that (,) is alternating since A is anti-symmetric. Notice that A is principal 
if and only if M{X) is an isomorphism, i.e. if and only if (, ) is a perfect M^-pairing. Using the fact that M is an 
anti-equivalence of categories, we obtain that viceversa we can pass from polarizations of Dieudonne modules that 
are finite and free as W^-modules to polarizations of p-divisible groups. The statement for isocrystals follows after 
inverting p. 

For the second statement, let b £ O, f, g £ M{G) and assume that A ; G G is an isogeny. Notice that the 
compatibility of A with i implies that M{i{b)) o M{X) = A/(A) o M{i{b)) and similarly for b* . Then we have: 

{bf,9) ■■ - = (Af(A)g) = 

= (/ o Mitib*)) o Mix)) ig) = (/ o Mix) o Milib*))) (g) = 
- fiMiX)ib*g))^{f,b*g). 

In a similar way, one can prove that a skew-hermitian polarization on M{G)[^] induces a ^-compatible polar- 
ization of G. ■ 

2.1.3 Isocrystals associated to a ii'o-rational element of a reductive group 

We still assume that fc is a perfect field of positive characteristic p, with W ~ W{k) and Kq = W[^]. We also 
fix a connected algebraic group G over Qp and an element b £ G{Ko). li p : G ^ GLiV) is a rational algebraic 
Qp-representation of G of finite dimension we define the isocrystal associated to iV; b) by the pair: 

(F(»Qp Ko, pib){idv (g) <y)) . 

(We denote p{b){idv ® cr) also by b{idv (8) cr) or ba is no confusion arises). An exact functor remains therefore 
defined, from the category of rational Qp-representation of G of finite dimension, to the category of i^o-isocrystal. 
Notice that if g € GiKg), and we set b' := gb{g")~^ , then the functors associated to b and b' are isomorphic (6 and 
b' are in this case said to be cr-conjugate in G(i\ro)). 

The slope morphism Assume that k is algebraically closed. Let D denote the diagonalizable pro-algebraic 
group over Qp whose character group X* (B) (in the sense of pro-algebraic groups) is isomorphic to Q: we can 
think of D as the universal cover of in the sense of quasi-algebraic groups (cf. |Ser6Q) . 7.3). Notice that the 
canonical inclusion Z C Q induces a morphism D — >■ and hence an inclusion HomQp(Gm,G) ^ HomQp(D,G). 
Furthermore, for any morphism / G HomQp(D, G) there is a positive integer n such that nf G Hom(g)p(Gm, G). 
In [Kot85| §4, Kottwitz defines a morphism of over Kq : 

V : Bk^^Gko 
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characterized by the fohowing property: for any Qp-rational finite-dimensional representation p : G —> GL(V) of 
G, let Vp G HoYiiKoiJ^Ko J GL{Vko)) be the only morphism for which the action of D on the isotypical component 
of the isocrystal {V (8)Qp Kq, p{b){idv c)) of slope A G Q is given by the character A € X*(D). Then ly is the only 
morphism over Kq such that pov = Vp for any representation p as above. In other words, v is characterized by the 
fact that for any representation V of G, the grading induced hy v onV ® Kq coincides with the slope decomposition 
of {V ® Kq, b{idv 'Si ct)). We call such v the slope morphism associated to b £ G{Kq); that this definition does not 
depend upon the choice of cr-conjugacy class of b. 

Beisic elements Let us keep assuming that k is algebraically closed and furthermore that G is a connected 
and reductive algebraic group over Kq. Following [Kot85', 5.1 we say that the element b G G{Kq) is basic if the 
corresponding slope morphism v : Hko^Gko factors through the center of Gkq- 
Let J be the functor on Qp- algebras defined by: 

J{R) := {g e G(i? Kq) : = {ba)g}, 

for any Qp-algebra R (where we see ba E G(A'o) >^ (f) and the action by conjugation of cr on elements of G{Kq) is 
the one obtained by viewing a as an automorphism of Kq). Then J defines a smooth affine group scheme over Qp 
( |MR96b| ■ 1.12) and Kottwitz proves in |Kot85| that b is basic if and only if J is an inner form of G. For example, 
if y is a finite dimensional Qp-vector space and G — GL{V), an element b E G{Kq) is basic if and only if the 
corresponding isocrystal {V Kq, ba) is isoclinic. 

Admissibility We assume here that fc is a perfect field of characteristic p, with Kq — W{k)[^]. Let be a 
finite field extension of Kq. We say that a A'- filtered isocrystal D over Kq is admissible if the following condition 
is satisfied: for any AT-filtered sub-isocrystal D' of D, the rightmost endpoint of the Newton polygon of D' lies 
on or above the rightmost endpoint of the Hodge polygon of D' , with equality \i D — D' (for the definition of 
Newton and Hodge polygons see for example |OB09j . 8). The category of admissible AT- filtered isocrystal over Kq 
is abelian. 

Let Bcris denote Fontaine's crystalline period ring: it is a ATg-algebra domain, endowed with a continuous 
action of the absolute Galois group Gk of K, such that -B^f^ = Kq; furthermore Bcris is endowed with a a-linear 
Frobenius endomorphism, and with a (non Frobenius-stable) A'-filtration (i.e. a filtration of K Bcris) induced 
by the canonical inclusion: 

AT ®Ko Bens ^ BdR, 

where Bdn is the de Rham period ring, with its canonical filtration (cf. |Fon94j ) . 

Let RepQ^ (Gii:) be the category of Qp-linear continuous representations of Gk of finite dimension and, for any 
W £ RepQ^(Gi<-) define Dcris{W) := {W®(^^Bcris)'^'^ and say that W is crystalline if dimQ^ W — divt\Ka Dcris{W). 
Let RepQ"*(Gif) be the subcategory of RepQ^(GK) consisting of crystalline representations; then Deris defines a 
fully faithful exact tensor functor from RepQ"^(Gi4:) into the category of AT-filtered isocrystal over Kq. It was proven 
by Colmez and Fontaine f |PCOO| ) that this functor gives rise to an equivalence between the category RepQ"'*(GK) 
and the category of AT-filtered isocrystal over Kq that are admissible. Therefore in the sequel an admissible filtered 
isocrystal will be the same as an isocrystal coming from a crystalline representation via the functor Deris- 

Assume now that k is algebraically closed. Let G be a reductive connected group defined over Qp and fix a 
cocharacter p, : Grn ^ G defined over K (we dropped the subscript AT). If ^ is a finite dimensional Qp-rational 
representation of G and {V Sq^ KQ,ba) is the associated isocrystal over Kq, we can construct a AT-filtered ATq- 
isocrystal I = X{V; b; p) associated to the triple {V; b; p) by letting: 

I:^{V®Q^KQ,bcj,V^) 

where, for any i e Z, we set: 

Vii=®,>,{V®ii, K)„ 

with the subscript j denoting the j weight space for the action of Gm on Vk '■— V K induced by p. 

Keeping the above notation, we say that the pair (b; p) is admissible if for any finite dimensional Qp-rational 
representation V of G, the filtered isocrystal XiV; b; p) is admissible in the sense explained above. Notice that this 
is equivalent to say that I{V; b; p) is admissible for some faithful finite dimensional Qp-rational representation V 
of G (cf. (MR 96b) . 1.18). 
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2.2 Moduli of p-divisible groups of PEL-type 

We refer for this section to |MR96b) , Chapter 3; cf. also |Bou97) . 



2.2.1 Definition of local PEL-data 

We define local PEL-data; we will define later on PEL-data of global type, that will be the starting point for the 
construction of moduli spaces of abelian schemes of PEL-type. 

Let B be a finite dimensional semi-simple Qp-algebra endowed with an involution *. Let V ^ {0} be a finitely 
generated left _B-module and (, ) : F x Qp a non-degenerate, alternating Qp-bilinear form which is skew- 

Hermitian with respect to *, i.e. (tw, vj) — {v, t*w) for all v,w inV and all t in B. These objects define a reductive 
algebraic group scheme G .= G {B* , V, (, )) over Qp whose i?-points, for a fixed Qp-algebra R, are given by: 

G{R) = |(5,s) e GLB,g>^^R(y (g)Q^ R) X G„ (i?) : {gv,gw) ^s{v,w) ^v^w e . 

The map G{R) — R^ given by {g, s) s defines a homoniorphisni of Qp-algebraic groups c : G Gm that is 
called the similitude character of G; the kernel of c is a reductive Qp-subgroup of G denoted by Gi. By abuse of 
notation, an element {g, s) G G{R) will be often denoted by g. 

Notice that * defines on the Qp-algebra C := End^ an involution x i — > x* via the identity {xv,w) = 
(v, x*w) {v, w G V). 

We therefore have functorial isomorphisms: 

G{R) ~ {x e G (8)Q^ i? : ra* e i?'' } , 

where R is any Qp-algebra. 

Definition 2.7 Fix a tuple {B* ,V, (,)) satisfying the above properties. Let k be an algebraically closed field of 
characteristic p> and set W = W(k), Kq — W[^]; denote by a the Frobenius automorphism of W and Kq. 

1. The datum V : — (B* , V, (,)) is called a Qp-PEL-datum; the group G = G{B* , V, (,)) is the algebraic 
group associated to T). A Qp-PEL-datum with integral structure (or with a PEL-lattice) is the datum 
Vo ■ = (B* , V, (,) ,0_B, A), where (B* , V, (, )) is a Qp-PEL-datum, Ob is a maximal Zp-order in B stable 
under the involution * , and A d V is a "Lp-lattice in V which is also an Os-submodule and which is self-dual 
with respect to the pairing (,) (i.e. the restriction of {,) to A x A defines a perfect pairing of "Lp-modules). 

2. A Qp-PEL-datum for moduli of p-divisible groups over k is the datum 2?mod : = {B* (i) ^ ^b, A, b, 

where , V, (, ) , Ob, A) is a Qp-PEL-datum with integral structure and associated group G, b is a fixed el- 
ement ofG{Ko), and /i : Gr,n/K ~^ Gk is a co-character of G defined over some finite field extension K of 
Kq . We furthermore require that the following conditions are satisfied: 

(a) {b, fi) is an admissible pair in the sense of \2.L3\ 

(b) the isocrystal (iV, F) :— {V Ko,ba) associated to 2?i„od has slopes in the interval [0,1]; 

(c) the weight decomposition of V (Sq K with respect to fi contains only the weights and 1: V <Siq K = 

(d) if V : fiiKa ^ C!ko denotes the slope morphism associated to b and c : G ^ G„i is the similitude character 
of G over Qp, then cv : Da'o ^ Gm/Ko is the character ofUiKo corresponding to the rational number 1. 

The reflex field (or local Shimura field) of T> mod is the field of definition of the conjugacy class of the 
co-character fi. 

Each of the above Qp-PEL-data will be called simple if the algebra B is simple. The Qp-PEL-data T>o or 
2-'mod have good reduction if B is an unramified Qp-algebra (i.e. its center is the product of matrix algebras over 
unramified field extensions of Qp). If the PEL-datum T>o or I?,nod has good reduction at p, the associated group 
Gqp is unramified, i.e. it is quasi-split over Qp and split over an unramified extension of Qp or, equivalently, G (Qp) 
has an hyperspecial subgroup. In particular Gq^ has a reductive model Q over Zp such that for any Zp-algebra R 
we have: 

g (R) = [ge GLr^^^^Os (A R) : (5A1, gAa) = c(g) (Ai, A2) , c(g) e R""} . 
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The Shimura field ii^ of a fixed datum I?mod is a finite extension of Qp, contained inside K [K is tlie field of 
definition of the co-character fi). Notice that E = Qp{tr{iJ,{x)) : x e A'^). If ©mod has good reduction, then E is 
an unramified extension of Qp. 

Let us make some comments on the definition of local PEL-datum for moduli of p-divisible groups (cf. jMR96b) , 
3.19). We keep the notation from the above Definition, and fix a local PEL-datum for moduli of p-divisible groups 
2^mod- We also denote by ID)*(-) the covariant functor that assigns to a p-divisible group over a Zp-schcme of 
characteristic p the associated Dieudonne crystal (cf. |PB82| . |Mes72) ). 

• The condition b) on I?mod is equivalent to requiring that the iiTo-isocrystal {N, F) comes from a p-divisible 
group X (defined over k) via the covariant Dieudonne functor M^, (cf. Th. 12. 4^ : such an X is uniquely determined 
up to fc-quasi-isogeny and we fix for the sequel such a choice of X. 

• Assume that there are a p-divisible group X over the ring of integers Ok of K and a fc-quasi-isogeny ip : 
X -^Xk] we can lift 1^9 to a quasi-isogeny of p-divisible groups over Spec(C'i^/(p)): 

if : XxspccfeSpec(e'K/(p)) — >X Xspf(o^) Spec (©^/(p)) . 

Applying the covariant functor D*(-) to the above quasi-isogeny, and then evaluating the corresponding Dieudonne 
crystals of C'spoc(OK/(p))-modules at the PD-thickening Spec{OK /{p)) ^ Spf (©_«-) belonging to the small crystalline 
site of Spec (C'i<-/(p)), we obtain an isomorphism of A'-isocrystals: 

ip : (iV,F)(f) K^B^X Xspf(o,,) Spec {Ok / (p))) s^.^^^) ^ 
where we used the fact that, by assumption, Mh,(X)[p^^] = (A^, F). 

If we assume that, under this identification, the Hodge filtration of the crystal (A XspiiOK) ^P^<^ ('^■R'/(-P)))gpt(c) 
Q corresponds to the filtration induced by on F (^q^ K: — ;> Vi — > V" AT — > Vq — > 0,then the conditions 
a),6),c) of the above definition of I?mod are automatically satisfied: for the pair (fe, /x) is, in this case of "good 
reduction", admissible in the sense of [section 2.1.31 In the later application of these constructions, we will be in 
the "good reduction" case, so we will not need to check conditions a), 6), c) on the PEL-data we will have in hands. 

• Let X : G — >■ Gm be a Qp-rational character of G. Then (Aro(x), ba) is a one dimensional A'o-isocrystal whose 
only slope is ordpx(6), since {b(j){W) = x(^)W^ — p°^'^i'^^'^^W . If the pair (6,^) is admissible, the AT-filtered ATq- 
isocrystal associated to (A'o(x), ha) and /i need to satisfy the admissibility equation X^iez *'dim;^ K (x)* — ordp x(^)j 
where AT (x)' is the term in the filtration that is induced by /i on AT (x). We conclude that (/i, x) — ordp x(^)- 
In particular: 

• taking x = detQ^, defined by viewing G C GL{V), we obtain dim/f Vi = ordp(detxo (&; V ATq)); 

• taking x = c to be the similitude factor of G, condition d) from the definition of 'Dmod implies that (/i, c) = 
ordp c(6) = 1. Hence the subspaces Vb and Vi ov V K are isotropic for the pairing induced by (, ) on V (g)Qp AT. 
(In fact if f G Va, we have (u, v) = {fi(x)v, ii(x)v) = x (u, v) for all x G AT^ ; similarly for Vi). 

Fix a local PEL-datum for moduli of p-divisible groups I?mod; denote by (A^, F) the associated isocrystal. The 
action of B on V by left multiplication induces an action of B on A^. Furthermore, since fc is algebraically closed 
and ordpc(6) = 1, we can write c{b) — p ■ ua{u)~^ for some u G . Define a map : N x N — > Kq by 
setting '^(v^w) := u^^ ■ {v,w) for all v,w ^ N; 5" is a non-degenerate A'o-bilinear pairing, which is alternating 
and skew-Hermitian with respect to *. Furthermore, ^'(Fw,Fi(;) = p^'(i;,w)°', so that ^E" defines a polarization of 
isocrystals N x N — > 1(1)- 

Notice that any other choice of u gives rise to a multiple of 4' by an element of , so that our local PEL-datum 
gives rise to a well defined triple (A^, F, Qp ^P) that is to a Qp-homogeneously polarized A'o-isocrystal endowed with 
an action of B (the polarization form is skew-Hermitian with respect to the involution of B). 

2.2.2 The moduli functor for p-divisible groups 

Fix a Qp-PEL-datum for moduli of p-divisible groups Anod : = {B* , (, ) , Os, A, 6, /i) over the algebraically 
closed field fc of characteristic p. Denote by G the associated algebraic Qp-group, and let (A^, F,Qp\E') be the 
Qp-homogeneously polarized A'o-isocrystal with _B-action associated to Pmod, as in the previous section. 

Pick a p-divisible group X over fc whose ATo-isocrystal constructed via M* is isomorphic to (A, F); by Prop. 
12. 6| B acts on the group of quasi-isogenies of X, so that we have a Qp-algebra homomorphism: 

zx : S ^ End(X)®2 Q; 
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furthermore 4' induces a Qp-homogeneous polarization Ax : (X, ix)— > (X, i^) of X that respect the action of B 
(this polarization needs not to be principal). We have therefore associated to I?mod the triple (X, ix, Ax) consisting 
on a Qp-homogeneously polarized p-divisible group over k endowed with an action of B. Such a triple is unique 
only up to quasi-isogenies, and it is assumed fixed in the rest of this paragraph. 

Denote by E the complete unramified extension of the local Shimura field E of I?mod, which has residue field k 
and is contained inside K, the field of definition of the quasi-character fi; we have E = EKq. Let be the ring 
of integers of E and denote by NILPq^ the category of locally noetherian Spec O^-schemes [S, Os) such that the 
ideal sheaf pOs is locally nilpotent; for such an S, we denote by 5" the closed subscheme of S defined by pOs- it is 
a scheme over Spec k. For example, we could take S = Spec k = S. 

The moduli problem for p-divisible groups associated to the above data, as defined in IMR96bj . 3.21, is the 
following; 

Definition 2.8 Fix a local PEL-datum I?mod for moduli of p-divisible groups over k. Denote by E its local Shimura 
field and let (X, ix. Ax) be a choice of Qp-homogeneously polarized p-divisible group over k with B-action associated 
via K'h to the triple (iV, F,Qp *) defined by Vnwd- 

We let M. be the contravariant functor from NILPq^ to SETS defined as follows: if S is a scheme in NILPq^ , 
M.{S) consists of the equivalence classes of tuples {X,i,X;p) where: 

1. X is a p-divisible group over S; 

2. i : Ob ^ EndX is a "Lp-algebra homomorphism satisfying the determinant condition, i.e. we require an 
equality of polynomial functions: det^g (a. Lie X5) — det/i-(a, Vq) for all a G Ob- 

3. A : {X,i) — >■ {X^i) is a principal polarization of{X,i), and X is the corresponding Qp -homogeneous (principal) 
polarization; 

4. p '. (X, ix)"5 ^ {X^i)-g is a quasi isogeny of p-divisible groups over S that respects the OB-structure and such 
that po X-gO p eQp (Ax)s. 

Two tuples {X,i, X; p),{X' ,i' , X ;p') S Ai{S) are said to be equivalent if the S- quasi- isogeny p' o p^^ lifts to an 
isomorphism f : {X^i) — > {X\i') of p-divisible groups over S with OB-action, such that / o A' o / G A. 

Notice that the definition of the functor M depends - up to isomorphism - only upon the isocrystal [N, F, Qp ^'), 
and not upon the choice of p-divisible group (X, ix. Ax) that is associated to (iV, F, 5*) via covariant Dieudonne 
theory. 

It was proven by Rapoport ant Zink that the above functor is representable by a formal scheme: this is the 
content of Theorem 3.25 of |MR96bj : 

Theorem 2.9 The functor M. defined above is representable by a formal scheme (still denoted by jCi) which is 
formally locally of finite type over Spf O^. Furthermore, if the original local PEL-datum Pmod has good reduction, 
we have E = Kq and the formal scheme representing M. is formally smooth over Spf W. 

Determinant condition The determinant condition required in the above definition is due to Kottwitz. A 
precise formulation, a bit hidden behind the one we gave, is contained in jKot92| . 5, and also |MR96bj . 3.23: let 
V be the Zp-scheme whose values in any Zp-algebra R are given by R] fix an O^-invariant O^f -lattice 

r C Vb and define a map of Oi^-schemes det_ft:(-, Vb) : ^Ok — ^ ^\)k setting, for any Oi^-algebra R and any 
a G Ob R, detif (a, Vb) := det(a; F ®Ok R)- It is clear that this map does not depend upon the choice of lattice 
r and is defined over Oe {E is the local Shimura field of the datum) , so that it defines a morphism of S'-schemes 
detif (•, Vb) : Vs — > A^.. In a similar way, detos (•, LieX) can be seen as a morphism of S'-schemes: 

detos(-,LieX) : Vs — > A^. 

The determinant condition is the requirement that these two morphisms of schemes over S coincide. By the 
definition of V, we could rephrase this condition by requiring that for any S'-scheme S' and any a G Ob ® 0$' 
we have an identity of polynomial functions deto^,, (a. Lie X5') — det/f(a, Vb); notice that by fixing a basis for the 
Zp-free module Ob - say, of rank t - then det/f (a, Vb) for a variable a ^ Ob can be written as a polynomial of the 
algebra Oe[Xi, ...,Xt]. 
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3 Moduli of abelian schemes of PEL-type 
3.1 Global PEL-data 

We recall the definition of a PEL-data over Q, following jKot92) . 
3.1.1 Definition of a PEL-data over Q 

Let _B be a finite dimensional semi-simple Q-algebra endowed with a positive involution * (positivity means that 
Tr^/Q (xx*) > for any x in B - {0}). Let V ^ {0} be a finitely generated left i?-module and {,) : V x V Q 
a non-degenerate, alternating Q-bilinear form whieh is skew-hermitian with respect to *, i.e. {bv, w) — {v, b*w) for 
all v,winV and all b in B. These objects define a reductive algebraic group G over Q whose i?-points, for a fixed 
Q-algebra R, are given by: 

G{R) ^{ge GLbcsM'^ ®Q ^) id^'' 9w) = c{g) {v, w) Vw, weV; c{g) e R''} . 

The map G(i?) — > R^ given by g i— ^ c{g) defines a homomorphism of Q-algebraic groups c : G ^ Gj„ (the similitude 
character of G); the kernel of c is a reductive Q-subgroup of G denoted by Gi. 

Notice that * defines on the Q-algebra G := Ends V an involution x i — > x* via the identity {xv, w) = {v, x*w) {v, w € 
V). 

We therefore have functorial isomorphisms: 

GiR) {x€C(g)qR:xx* e R""} , 

where R is any Q-algebra. 

Definition 3.1 Fix a tuple {B* , V, (, )) satisfying the above properties, and let p be a fixed prime number. 

1. The datum V — (B* , V, (,)) is called a Q-PEL datum; the group G is the algebraic group associated to 
T). A Q-PEL datum with integral structure at p (or with a p-adic PEL-lattice) is the datum Vo '■= 
{B* , V, (, ) , Ob, A) where {B* , V, (, )) is a Q-PEL datum; Ob is a "^(p) -order of B stable under the involution 
* and such that Ob®i^p is a maximal order in B(^qf^p; A C V^qQp is a Ijp-lattice and an OB-submodule 
such that the restriction of (,) Qp to A x A gives a perfect pairing of lip-modules. 

2. A Q-PEL datum for moduli of abelian schemes (atp) is the datum I?,nod := [B* , V, (, ) , Ob, A, h, Rp, i/) 

where {B* , V, (,) ,Ob,^) is a PEL-datum with integral structure atp; C G{PiF^) is an open compact sub- 
group of G{hFj); V :Q^ Qp is an embedding of fields; ft. : C — > Ends V^(g)QM is an M-algebra homomorphism 
such that: 

(a) h{z) = h{z)* for all z in C (i.e. h is a * -homomorphism) ; 

(b) the symmetric M.- bilinear form {,) : V]ii x Vr defined by {v,w) := (w, h{^/—l)w') is positive definite. 
Such a map h is called a polarization for the PEL-datum (B* , V, (, )). 

Each of the above PEL-data over Q will be called simple if _B is a simple Q-algebra. The PEL-data Do or I'mod 
will be said to have good reduction at p if the algebra B Qp is unramified and, in case Ends V (8)q M has a factor 
isomorphic to M„(EI) for some n > 0, then p is odd (here HI denotes the division algebra of real quaternions). (Cf. 
|Wed99j . L4). 

Let V — [B* ,y, (,)) be a PEL-datum endowed with a polarization ft : C — > Ends <8)q K; denote by G 
the associated algebraic group. Denote tensoring (or extension of scalars) with a subscript. Since ft is a *- 
homomorphism, ft(z) G G(R) for any z € C^. Define the map: 



ftc : C X C — > End 



Z-\ + Z2 , , I ^ Zl — Z2 

(Z1,Z2) ^ 10 ' + ft(%/^) <E) - 
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If we view C x C as a C-algebra via the diagonal embedding, ftc is a C-algebra map such that ftc(zi, Z2) € G(C) if 
zi,Z2 e C^. Let S := Resc/R(G™/c) with the usual identifications S(M) = and S(C) = (C(8)rC)'' ~ x C^, 
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where C is embedded into C(8)rC by 2 i~> z (8) z; by the above considerations, a morphism of real algebraic groups 
f) : § — Gr remains defined by setting: 

()(C) :=;ic|cxxcx; t}(M) :=;i|cx, 

for if z e we have ()(C)(z,z) = (Rez • 1 + Imz • h{y/^)) <^ 1 that we identify with t)(M)(z). We denote the 
above morphism of algebraic groups by h and no confusion should arise. 

By definition, our original map : C — > Ends V ®q M endows Vr with a complex structure, hence it defined a 
Hodge structure of type (0, —1), (—1, 0) on the vector space Vc = y(O'-i) ® y(-i.o)^ ^here: 

Observe that C C C(K)rC acts on V^^-^'^ via the character z i~> z, while it acts on V'^ via the character z > z. 

Now let [I : Gm/c ~^ Gc be the map induced by the assignment z i-)- /i(C)(z,l) for z € C^; is the 

subspace of Vc on which G„i/c acts - via /i - through the trivial character (weight zero), and V^^^'^^ is the subspace 
of Vc on which Gm/c ^-cts through the identity character (weight one), so that we will write the decomposition 
Vc = ® as Vc = Vc,o © Vc,i. 

Both Vc,o E^nd X^c 1 have an action of Bq, so that we obtain a semisimple complex representation of the Q-algebras 
B: 

p : B ^ Endc Vc,o- 

The reflex field (or global Shimura field) of the PEL-datum T) = {B* ,y, (,)) endowed with a polarization h 
is the field of definition E = E{'D, h) of the isomorphism class of the complex representation p : B ^ Endc "^C.o- 
li ly : Q ^ Qp is an embedding of fields, the z/-adic completion of E will be denote by E^ and called the v-adic 
Shimura field associated to our set of data. 

Fix embeddings Q C and : Q ^ Q^; keeping the above assumptions, we have that E — Q{Tr{p{b)) : b G B) 
is a number field; we can characterize E as the field of definition of the G'"(C)-conjugacy class of the co-character 
p, : Gjn/c ~^ Gc- On the other side, the field of definition of the G''((Q)p)-conjugacy class of p coincide with E^ and 
is a finite extension of Qp. 

Notice that the decomposition Vc = Vc^o © Vc,i induced by the polarization h is defined over a finite extension 
i^^'of Qp, so that we can write Vk' = Vk' ft © Vk',i, where Vk',o is the X'-subspace of Vk' on which Gm/K' acts 
trivially, and similarly for Vk' ,i- 

We have in conclusion: 

Lemma 3.2 Let T) : — [B* , V, (, )) be a Q-PEL datum with associated group G. Define Bp := B (g)Q Qp, Vp := 

V^aQp, (, )p := (, ) (»Q Qp, Gp = Gq^ . 

1. The tuple Vp : — {Bp* , Vp, (, )p) is a Qp-PEL datum with associated group Gp. IfD^ :— (B* ,V, {,) ,Ob, ^) 
is a Q-PEL datum with integral structure at p, and Obj, '■— Ob ®i T^p, then Vq^ :— {Bp* , V^, (, )p , Obp, A) 
is a Qp-PEL datum with integral structure. 

2. //2?mod ■— {B* ,V, {,) ,Ob, ^,h, RPjiy) is a Q-PEL datum for moduli of abelian schemes at p, then the p-adic 
field of definition of the G^{Qp)-conjugacy class of the associated cocharacter p : G,„/c — > Gc coincide with 
the v-adic completion E^, of the Shimura field E o/Pmod/ furthermore there is a finite field extension K' of 
Qp such that the weight decomposition Vc = Vcfl © Vc,i under the action of p is defined over K' . 

If any of the above global PEL-data is simple, then the corresponding local PEL-datum is simple; if Vq has 
good reduction at p, then "Dq^ has good reduction. 

Let V = [B* , V, (, )) be a global PEL-datum with polarization h e cocharacter p : G„j/c ^ Gc as before. If 
K' is a finite field extension of Qp such that Vk' = Vk',o © Vk',i is the weight decomposition of Vk' under p, then 
we can define a morphism of schemes over Ok' as in 12.2.21 

detK'{-,VK',o) ■■ Vo^, -^^hj,,- 
This morphism is actually defined over the ring Oe ®z ^(p)? embedded in Oe^ via z/. 
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3.1.2 Data of type A and C 



Fix a Q-PEL datum Pmod = {B*,V,{,),OB,^Th,KP,v) for moduli of abelian schemes (at p); let G be the 
corresponding algebraic group and E the Shimura field. Assume that I?,nod is simple, so that B ~ Mj^{D) for some 
skew field D of characteristic zero. Let F be the center of B, and Fq be the subfield of F fixed by the involution 
*; is a number field endowed with a positive involution, so that Fq is totally real and either F = Fq (and * 
is called an involution of the first kind), or F/Fq is a quadratic totally complex extension (and * is said to be 
of the second kind). Then there is a reductive algebraic group Gq over Fq such that Gi = Kespg/qGo, namely 

Go(i?) = {x e Ends V(S)FoR- = 1} for any Fo-algebra R. Set to := [F : Fq] • (dimF(Ends V)f^ . 

Since Ends V ®q M is endowed with a complex structure given by h, we have m = 2n for some integer n. We have 

three possible situations: 

(A) if * is of the second kind, then Go is an inner form of the quasi-split unitary group over Fq associated to the 
quadratic imaginary extension F/ Fq. Over an algebraically closure of Fq, the group Gq is of type A„-i; in 
this case Ends T/ (g)Q R ~ M„(C)[^«^Q1; 

(C) if * is of the first kind and Ends V" (g)Q K ~ M2n{M.)^^°'-^\ the n over an algebraically closure of Fq, the group 
Go is a symplectic group in 2n variables: it is of type G„; 

(D) if * is of the first kind and Ends F ®q R ~ A-f„(H)[^«^^l , then over an algebraically closure of Fq, the group 
Go is an orthogonal group in 2n variables: it is of type _D„. 

As remarked in |Kot92| . 7, if the PEL-datum falls into cases A or G, the associated reductive group G is 
connected, while in case D it has 2^-^°'-'^^ > 1 connected components. Furthermore, in case A and G, the derived 
subgroup G' is simply-connected. If G is of type A with n even (notation as above) or of type G, then G satisfies 
the Hasse principle, while in case D, the group G does not satisfy the Hasse principle. Notice finally that, in case 
D, in order to guarantee good reduction of our PEL-datum, we need to exclude the prime p = 2. For these reasons 
we won't consider PEL-data of type D. 

It is enough for us to consider simple PEL-data as above, in which _B is a division Q-algebra, endowed with the 
positive involution *. Define := [B : F], e := [F : Q], cq := [Fq : Q], where as above F = Z{B) and Fq = F*=''^. 

By Albert's classification of division algebras with positive involutions, we only have four possibilities for {B* ) 
(cf. |Mum74j ■ 21, Th. 2), that reduce, if we exclude the case of PEL-data of type D, to the following three: 

(C-I) i? = F = Fo is a totally real number field, with the trivial involution * = ids; 

(C-II) F = Fo is a totally real number field, and i? is a quaternion division algebra over F such that B ^f,l'^ — 
M2(M) for any real embedding t : F K; the involution * on such a i3 is given by conjugating the natural 
involution x i~>- Trs/pix) — x of i? by some element a E B^ such that S F is totally negative in F; 
any such map is a positive involution on B. In this case we can choose an isomorphism B ®q R ~ M2{M.)'^" 
carrying the involution * into the involution (Xi, ...,Xeo) i— (A"*, A'^); 

(A) F is a totally imaginary quadratic extension of the totally real field Fq, with complex conjugation c and, 
for any finite place u of F we have inVyB = if w = cv, and inVyB + invcvB = otherwise; there is also 
a positive involution ' on B and an isomorphism B ®q R ~ Md{C)'^" which carries ' into the involution 
(Ai, Ag,-,) (A^, A*^). Given such an involution ', any other positive involution is obtained by 
conjugating it through an element a € D such that a = a' and such that the image of a via the above 
isomorphism is of the form {Ai, Ae„) where each matrix Ai is Hcrmitian and positive definite. 



Let 2g = dimQ V and define, for each of the above cases, the integer r as follows (cf. |Yu02) . 2): 




(Type C-I) 
(Type C-II) 
(Type A). 



Being B a simple algebra over Q, Be := B(^qC is a semisimple algebra over C and Vc,o becomes a finite dimensional 
i?c-module, so that it decomposes as the direct sum of irreducible -Bc-modules (the irreducible i?c-niodules are in 
one to one correspondence with the irreducible modules of each simple constituent of -Be)- 
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Using this fact, one sees (of. |Shi66| . 5) that in cases C-I and C-II (and also in case D), the representation 
yO : i? — > Endc Vc.o is uniquely determined and has to be a multiple of a reduced C-representation of B over Q, 
so that the reflex field is E — Q. In case A, the situation is less rigid: we know that -F is a quadratic imaginary 
extension of the totally real field Fq; let {Ti}^^^ be a CM-type of F, and let (resp. rii) be the multiplicity of 
the standard representation of B ®F,Ti C (resp. B ®F,cTi C) in Vcfi-, for i = l,...,eo (notice that the standard 
representations of B (S)F,Ti C and of B®p^cTi C have dimension q over C). Any fixed collection of pairs (rii^ni) such 
that ni + ni = dr (1 < i < Cq) gives rise in the obvious way to a unique finite dimensional complex representation 
of B] p has to be isomorphic to a representation of this form. 

We now present two cases that will be interesting for us: the first is of type C-I, the third is of type A. We will 
always assume fixed a choice of square root of —1 in C, denoted by \/~^- 

PEL-datum of type C-I Let B = F he a, totally real, finite, Galois extension of Q of degree /. Denote by 
{ti,...,t/} the distinct embeddings of F into M and endow F with the identity involution. Assume that the 
fixed prime p is inert in F/Q, so that F ®q Qp is the unramified extension of Qp of degree / in a fixed algebraic 
closure of Qp. Let V = F^^ for a fixed integer g > and denote by (, ) the map V x V Q defined by setting 
{v, w) := Trp/q {v*J2gw) for all v,w GV. 

Identifying C = Endi?T^ with the matrix algebra M2g{F), the induced positive involution on C is given by 
A H> A* := J2gA^J2g. We identify the R-algebras F ig)Q R and W by the map x®r^ (Ti(a;)r, ...,t f{x)r); an 
identification Cr = M2g{F) M — M2g{M.)®f remains therefore defined via the embeddings r^. Notice that the 
involution * acts componentwise on M2g(M)®^, i.e. (Xi, ...,Xf)* — {J2gXlJ2g, J2g^XjJ2g). 
Let /i : C — >■ M2g(S.)®^ be the R-algebra map defined by the assignment a + by/^^ i — > {a + J|^6)®'^.The algebraic 
Q-group G associated to the above data is isomorphic to the reductive connected group GSp2g (F) /q of symplectic 
similitudes of F: if i? is a Q-algebra 

GSp2g (F) (R) = {Ae GL2g{F ®q R) : A'j^gA = c(A)J2g,c(A) e i?^} . 

Furthermore, Gi — Sp2g{F) and Go = Sp2g{F)/p is a group of type Cg when viewed over F; G satisfies the Hasse 
principle. 

By making the identification Vc — {S?'-')®^ (g)R C, we write, for any zi, Z2 G : 

h{C){ZuZ2) = (1, 1) ® + {Jig. 4g) ® 1^ e Ahgi^r^ <E>M C. 

If {ei, Cg, /i, fg} is the standard ordered basis of M^^, denote by {ciBh, fjBh : 1 < «, j < 5, 1 < ^ < /} the 
corresponding canonical ordered basis of (R^^)®-^, so that for example eiBfi is the vector (0, e^, 0) G (K^f )®'^ 
where appears in position h. We have: 

Vc,o = {e^Bh ® 1 + f^Bh ® : 1 < « < g, 1 < /i < /) , 
Vc,i = {e,Bh (E> 1 - ^Bh ® : 1 < I < <?, 1 < /i < /) . 

If a; € F, then p{x) acts on the vector CiBh 01 + fiB^ V— T € Vc,o as multiplication by {ti{x), ...,Tf{x)) ® 1 G 

Fr (g)K C = W (g)R C, so that: 

p{x) {e,Bh (g) 1 + hBh (g) V^) = Th{x) {e,Bh ® 1 + f^Bh (E) \/^ , 
for all 1 < i < g and 1 < h < f . Referring this linear transformation the ordered basis of Vc,o given by: 

eiBi (g) 1 + fiBi (g) V^, eiBf (g 1 + /i% (g) 

62^1 g) 1 + /2S1 g) V^, 62% (g) 1 + /2% ® %/^, 

we obtain the matrix form of the representation p : F ^ Mgf(C): 

p:x< — > diag{Ti{x),T2{x), ...,T f{x))®3 {x G F); 
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p is the (?-fold multiple of the reduced representation of F over Q, and the reflex field for our PEL-datum is i? = Q. 
Observe that detp(a;) = (Nmp/Qix))''' . If {61, ...,6/} is a Z(p)-basis of the free Z(p)-module Ob ■= Op ®i Z(p) — 
Of,(p), then the determinant polynomial function is: 

f{X„ Xf) n^^^ (ti(6i)Xi + ... + t/(6/)X^-)' = {Nmp^QihX, + ... + bfXf))' . 

Notice that this polynomial belongs to Z(p)[Xi, ...,Xf]. If we set A := (Ob ^'L^p) ^p)^^ ^-nd pick any compact open 

subgroup K'P of G(ZJ') and any choice of embedding : Q ^ Qp, we have all the information necessary to define 

a simple Q-PEL datum with good reduction at p. We denote this datum by 2^2g,jf ' ^^'^ notice that G is defined 
over Z, by setting for any Z-algebra R: G{R) = {A& GL2g{OF 0z R) : AU2gA = c{A)J2g, c{A) G R""} . 

PEL-datum of type A Let B = fc be a quadratic imaginary field, say k = Q{y/a), where a is a negative 
square-free integer; fix an embedding t : k ^ C such that T{^/a) = \/—\sJ—a\ via this embedding we make the 
identification k ®q K ^ C. Assume that the fixed prime p is inert in the extension fc/Q, so that k 0q Qp = Qp(\/a) 
is the quadratic unramified extension of Qp in a fixed algebraic closure of Qp. 

Let a; H^- ^ (x e fc) denote the non-trivial field automorphism of k: it is a positive involution on k. Set V = k^ 
for a positive even integer g = 2n; fix two non-negative integers r and s whose sum is g and let: 



H := Hr^s 



Os,r \f0Lls J ' 



Let us denote by (,) : x — )• Q the map defined by setting {v,w) := Tr^^/q [y^Hw) for every v,w G V. Notice 
that (,) is a Q-bilinear non-degenerate skew-Hermitian pairing. Letting C = End^ F = Mg{k), we find that the 

involution induced by * on C is A i—)- A* := H~^J^H, where A is the matrix obtained from A by applying the field 
automorphism * to the entries. 

Let h : C ^ G (g)Q R = Mg{k) 0q M be the M-algebra homomorphism defined by: 

a + 6-/^ I — > 1 O a - if ( 



The algebraic group G associated to the above data is identified with the Q-group GUg{k; r, s): for any Q-algebra 

R we have 

GUg {k Oq R; r, s) = { A e GLg{k R) : A* HA = c{A)H, c{A) G R''^ 

Furthermore, Gi = Ug{k-,H) is an inner form of the quasi-split unitary group over Q associated to the extension 
k/Q, hence it is a group of type Ag-i when viewed over Q; being g even, G satisfies the weak Hasse principle. We 
also notice G is connected. 

The M-algebra Gr is isomorphic to Mg{C) via the fixed embedding fc C, and by making the identification 
Vc = C^ 0IK C we write, for any zi, Z2 gC^- 

h{C){z,,z2) ^ 1 ® 1-4^ e G(C). 

If {ei, eg, /i, jg) denotes the standard ordered basis of C^^, it is easy to see that: 

Vcfi = (\/^ei O 1 - Ci O V^, \/^fj O 1 /j O \/^ : 1 < i < r, 1 < j < s) , 
Vc,i = (V^Bi O 1 Ci O V^, V-lfj O 1 - /j O V-l : 1 < i < r, 1 < j < s) , 

and the representation p : B ^ Endc(Vc,o) — Mg{C) is obviously induced by the assignment: 



Os,r \/ctIa 



The reflex flcld for our PEL-datum is _E = Q if r = s(= n), and it is _E = fc otherwise. The multiplicity of 
k (S>k,T C ~ C in /9 is equal to s and the multiplicity of k ®k.j C is r. Moreover: 

f{Xi,X2) := det(Xi + ^/SX2; Vfc.o) = {Xi - V^X2Y{Xi + x/SXs)^ e Oe[Xi,X2]. 
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Finally, set Ob Ok ®i Z(p) ~ 0/c.(p) , A (Ob ^p) ^ (notice that p does not divide a in Z, so that our 
pairing (,) restricts to a perfect pairing on A^). Then for any compact open subgroup of G{1P) and for any 
choice of embedding : Q ^ Qj, we have all the information necessary to define a simple Q-PEL datum with good 
reduction at p. Denote this datum by VV and notice that G is defined over Z, by setting for any Z-algebra R: 




3.2 The moduli functor for abelian schemes 
3.2.1 Abelian schemes up to prime-to-p isogenies 

We assume fixed in this paragraph a global PEL-datum for moduli of abelian schemes (at p) I?mod = {B* , V, (, ) , Os, A, ft,, , v); 
we write G for the associated algebraic group, and E for the reflex field; we furthermore assume that our datum has 
good reduction at p. Let us fix a locally noetherian base scheme S; we recall some definitions following jMR96b) . 

6.3 and pLanOSj . 1.3.1 and 1.3.2. 

The category of abelian Ob -schemes over S up to isogeny of order prime to p, denoted by AVq^/s o^' simply by 
AV, is defined as follows: its objects are pairs {A, i) where A is an abelian scheme over S, and z is a homomorphism 
of Z(p)-algebras i : Os— J'End^ (^z "^(p)- A morphism / : {Ai,ii) (^27*2) in AV is an element of the group 
Homog [Ai , A2) ®i Z(p) , where Homo^ (^i , ^2) is the module of morphisms of abelian S'-schemes that respect the 
action of O^. 

An isogeny : {Ai,ii) — )> (^2,12) in AV is a quasi-isogeny of abelian S'-schemes Ai — > A2 which is also a 
morphism of AV; its kernel is the kernel of the corresponding isogeny of p-divisible groups Ai{p) -> A2{p), so that 
ker (/3 is a finite locally free group scheme whose order is locally a power of p, and all isogenies have degree a power 
of p (locally). A quasi-isogeny in AV is a quasi-isogeny of abelian schemes that respects the action of Ob- 

If {A,i) is an object of AV , then we define an object of AV by {A,i) " := {A,i), where A is the dual abelian 
scheme of A, and i : Os— >-Endyl ®i Z(p) is given by i{b) — i (b*) ~ . li ip : {Ai, ii) -> {A2, 12) is an isogeny in AV, 

then the dual quasi-isogeny p : A2 Ai is an isogeny in AV, called the dual isogeny of (p in AV. 

A polarization of {A,i) in AVq^/q is a quasi-isogeny A : {A,i) — > {A,i) in AV such that there exists a positive 
integer n for which n\ is induced by an ample line bundle on A. Such a A is called a principal polarization if 
furthermore A is an isomorphism in AV . A Q-homogeneous (resp. Z(p) -homogeneous) polarization A : {A,i) — >■ 
{A,i) is the set of (locally on S) Q^-multiples (resp. Z^^^-multiples) of a polarization A of {A,i) in AV; such a set 

is called a principal Q-homogeneous (resp. Z(p) -homogeneous) polarization if there is an element A G A that is a 
principal polarization in AV . 

An isogeny of polarized (resp. Q-homogeneously polarized; Z(p)-homogeneously polarized) abelian varieties 
: {Ai,ii;\i) (vl2,i2;A2) in AV is an isogeny : {Ai,i{) — >• (^2,12) in AV such that ^ o A2 o = Ai (resp. 
^ o X2 o Lp £ Ai; resp. p o \2 o p ^ Z^^-^ Ai). 

Notice that if A : {A,i) — ^ {A,i) is a polarization in AV , then i (b*) = i (b)^ for any b in Ob, where ^ denotes 
the Rosati involution induced by A. 

An isomorphism p : {Ai,ii) — > (^2,12) in AV is of the form f ®r where / is an isogeny of abelian schemes 
endowed with Os-action whose degree is prime to p, and r G ^q,)- We can also say that p> is an isogeny of AV of 
prime-to-p degree. Furthermore, if p> : {Ai, ii, Ai) — > {A2, ^2; A2) is an isomorphism of polarized abelian varieties in 
AV , then 12 and A2 are determined uniquely by (p, ii and Ai. If p : {Ai,ii) — >■ (^2,^2) is an isomorphism in AV 
and A2 : {A2, 12) {A2, 12) is a principal polarization in AV , then o A2 o is a principal polarization of {Ai, ii) 
and \2^ is a principal polarization of (^27*2)- 

Level structure Recall that our PEL-datum comes with an open compact subgroup K'p of G(Ap (A^ denotes 
the ring of finite adeles over Q with trivial p-component). Let {A, i; A) be a principally polarized abelian scheme in 
AVob/Sj where the base scheme S is assumed to be a connected locally noetherian scheme over Oe^^i, Z(p). Let s 
be a geometric point of S and consider: 
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the Tate A^-module of the abeUan variety Ag. It is endowed with a continuous action of 7ri(5', s). The action of 
Ob on A endows Hi{As, A^j) with a structure of S-module, and the principal polarization A of {A,i) induces a 
canonical skew-symmetric A^-pairing (the Weil pairing): 

i/i(A„Apxi/i(A,,AP)-^AP(l) 

which is non-degenerate and skew-Hermitian with respect to *. On the other side, by definition of PEL-datum, 
Vj^p :— V<S)Q,A^j: is endowed with an action of B and a skew-Hcrmitian (with respect to *) non-degenerate A^-pairing 
with values in A^. 

A level structure of type on {A,i]X) is the left ifP-orbit a of an isomorphism a : Hi{As, A^i) — >■ V^p of 
skew-Hermitian B- modules such that a is fixed by tti{S,s). Here by isomorphisms of skew-Hermitian B- modules 
we mean an isomorphism of B- modules carrying one alternating form into a (A^)^ -multiple of the other. 

Assume now that the group G /q associated to the PEL-datum Pmod has a model G /z over Z (but it does not 
need to be smooth over Z). Let iV > 1 be an integer not divisible by the prime p and let {A, i; A) be a principally 
polarized abelian scheme in AV. A principal level-N structure on {A,i]X) is a level structure of type: 

U (N) = Ker (g{ZP) GilZ/NIF) = G{1/NZ)^ . 

Notice that ;7(iV) = ]\i^pUi{N),w\iemUi{N) ^ G (Zi) ifl ^ pa.ndl\ N, andf7,(7V) = Ker (G (Z/) ^ G(Z,/r"Z/)), 
where ni = ord; N. If Rp is a compact open subgroup of G(Aj) contained inside U (N) for some iV > 3 not divisible 
by p, then "Serre's lemma" implies that is neat in the sense of Pink (cf. |Lan08j 1.4.1.9-10). 

The determinant condition Let Vc = Vc.o ® Vc,i be the Hodge decomposition of Vc as in 13.1.11 where 
act on Vc.o via /i through the trivial character. We have recalled above the morphism of schemes det /<■/(•, Vr-'.o) ■ 
Vo^, — > ^Oi^, ' t^^t defined over Oe'^i,^{p) Oe^', let us denote this morphism by det_E(-, Vb). If S* is a locally 
noetherian scheme over Oe (^z ^(p), we can therefore define a morphism of ^-schemes det£;(-, Vq) : V5 — !• Ag. 
Similarly (cf. Remark 12.2.2^ we have, for any object {A,i) in AVq^/s, a well defined morphism of S'-schemes 
detos(-,LieA) : Vs — !• A^. 

We say that {A, i) satisfies the Kottwitz determinant condition if for any locally noetherian S'-scheme S' we 
have: 

detog, (a, Lie As') — det£;(a, Vb) far all a € (Xi Os'- 

Let us fix a basis {bi, bf} of the Z(p)-free module Ob and let {^1, Xt} be indeterminates. Set f{Xi, Xt) := 
det(6iA'i -I- ... -I- btXt] Vc,o)- This is a homogeneous polynomial of degree dime Vc,o in the indeterminates Xi, Xt 
with coefficients in ^(p) • On the other side, Lie A is as a locally free Og-module with an action of Ob ; hence 

it makes sense to consider the polynomial g{Xi, ...,Xt) := det(6iAri -I- ... + btXt;LieA), which is homogeneous of 
degree dims A with coefficients in the ring of global sections of Os- Since we are assuming that S is a. scheme over 
O E ®z Z(p) , the condition f — g makes sense: this is equivalent to the above defined determinant condition. 

3.2.2 The moduli problem 

Following jKot92j . one defines the following moduli problem: 

Definition 3.3 Let ^—{B* , V, (, ) , Ob, A, h, K^, v) he a Q^- PEL- datum with good reduction at p, having Shimura 
field E and associated group G. The moduli problem M := M('D) associated to the above data is the contravariant 
functor from the category SC Ho E®Z{p) of locally noetherian schemes over O e (8iz'^{p) to the category of sets defined 
as follows: if S is an object of SCHoE^Zp! then M(S') is the set of isomorphism classes of tuples {A,i,X,a) where: 

1. {A,i) is an object in AV satisfying the determinant condition; 

2. A : (A, i) — >■ [A^ i) is a Q-homogeneous principal polarization in AV ; 

3. a is a level structure of type Rp on (A, i, X). 

Here we consider two tuples (Ai, ii, Ai, ai) and (A2, ^2, A2, ^2) cis above isomorphic if there is an isomorphism 
f : (Ai, ii] Xi) — {A2, 12; A2) of Q-homogeneously principally polarized abelian schemes in AV carrying ai into 012 
(in the sense that a2 o -ffi(/, A^) o a^^ £ and c{a2) ■ c{ai)^^ £ r ■ c{KP), where c denotes the similitude factor 
homomorphism, and r G Z/^ > is such that r ■ f o X2 o f = Xi). 
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Notice that any abelian scheme over some scheme S that satisfies the conditions given above has relative 
dimension over S equal to dime Vc,o = 5 dimQ V, in virtue of the determinant condition. Furthermore, the possible 
determinant conditions that we can impose are subject to rigid constraints; in particular they are only finitely 
many. 

We have the following result (cf. |Kot92| : |Lan08l . Ch. 2, 1.4.1.14, 7.2.3.10): 

Theorem 3.4 Let V be a global PEL-datum with Shimura field E; assume V had good reduction at p and assume 
RP is neat. Then the associated functor M M(I?) is represented by a quasi-projective smooth separated scheme 
Sv.Kv over Oe ®z'^(p) which is of finite type. 

We will later need the following: 

Theorem 3.5 Let V be a global PEL-datum with Shimura field E and let k be the algebraic closure of the residue 
field of E at p; assume V had good reduction at p and is neat; let us denote by S-p^Kp the scheme representing 
M(2?). The canonical map ST>.Kp{W{k)) — >■ ST),Kp{k) is surjective. 

The proof of the last result can be found in [LanOSj . 2.2.4.16, 2.3.2.1, where it is shown that the deformation 
functor ART{W{k)) SETS associated to a fixed point [^] € Sx>^Kp{k) is pro-representable and formally smooth, 
and that one can apply Grothendieck's Formal Existence Theorem to guarantee that we can algebraize the formal 
scheme defined on W{k) by a projective system of deformations of [^] over the rings W„(fc)'s. The main hypothesis 
necessary to prove the above theorem is that the polarization of ^ is separable. 

Hecke action Let us only consider open compact subgroups K'p of G(A^) that are small enough, so that each 
element in M(S') has no non-trivial automorphisms, for any S in SCHoj^^j^ : for example, if T> has a Z-model, we 
consider only open compact subgroups contained inside U (N) for some integer > 3. If C are two such open 
compact subgroups of G'(Aj), then the transition map S-^ j^p — > S-^^k^ induced by {A,i, X, Kfa) 1— >■ {A,i, X, K2a) 
is a finite etale covering which is Galois, with Galois group if is normal in Xf- Denote by St> the 

projective systems of the family of schemes {Sti.kp}kp where the K^'s are small enough; we define the following 
natural Hecke action of G'(Aj) on St>. if G G'(A^), then g acts on the right on St> via the isomorphism: 

g ■ Sx>,KP — > Sx) g-iKPg 

defined by [{A, i, A, a)] • g :— [{A, i, X, g^^ o a)]. 



3.2.3 Modular forms of PEL-type 

We define modular forms of PEL-type, as a generalization of Siegel modular forms (cf. [Gor02| . 5.1). We will keep 
the notation of the previous sections. 

Let T> — {B* , V, (, ) , Ob, A, h, Rp, v) be a simple PEL-datum for moduli of abelian schemes, having good re- 
duction at the fixed prime p; let G be the associated algebraic group and assume it has a model over Z. Let E be the 
reflex field of T> and let g = dime Vc.o; fix an integer A'' > 3 not divisible by p and assume = U{N). Let us de- 
note by S-p^N ■= Sx)^u{N) the quasi-projective smooth scheme over ©^(^^^(p) representing the functor M = 1X1(1?). 
Let TT : Xt>,n ~^ Sxi^n be the corresponding universal abelian scheme over iS-p,Ar, and let : 5-pjv r^v.N be its 
zero section. Denote by n/S-d n sheaf of relative invariant differentials of X-d,n over S-d,n- it is a locally 
free sheaf of Oxj, jy-modules over Xt>,n, having rank g. Its pull-back via the zero section 0, i.e. the sheaf of relative 
cotangent vectors at the origin of Xx>^n ■ 

y '^■D.N /<^'D,N J ' 

is the Hodge bundle of the PEL-scheme S-p^N- it is a locally free sheaf of O^^ ^ -modules over St>,n and its rank 
equals g. If p : GLg GLm is an Oe Z(p)-representation of the algebraic group GLg, we denote by Ep the 
locally free sheaf of rank m on S'p,N obtained by twisting E via p (cf. }Ghi04aj 2.2.1). 

Definition 3.6 Let Sx>,n and p be as above. For any Oe ®'l Z,(^py algebra we define the d\-module: 

Mp{V; Dl) := H"{Sv^n ^o^^.z,,, 9^;Ep ® 5H), 

and we call it the space of PEL-modular forms over of weight p relative to the moduli problem M (2?) . 
// no confusion arises we also denote this space as (TV; *H) and we say that the modular forms in (N; Ui) 
have genus g and (full) level N . 
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(For brevity, if we are given a morphism of schemes X with a section e : y — >■ X, we set i*x/Y •= 
^x/Y called the sheaf of relative cotangent vectors along the section e. Notice that E =t^^ n/s-d «)" 
With the above assumptions, we have: 

Fix / e Mp{T>] $H) and let ^ := {A, i, X,a)/S/1R be a tuple such that [^] is an element of {St),n ®Oe®i.'^(p) 

for some 9^-scheme 5; let (/> : 5 — ^ S-d^n ^OE^iJ-ip) ^ be the morphism of fR-schemes parametrizing the element [^]. 

We have: 

where the last isomorphism depends upon the choice of representative for [^]. We conclude that for V^p, N, p, !K as 
above, a PEL-modular forms over of weight p relative to the moduli problem Ad{T)) is a rule / that assigns, to 
any tuple ^ := {A, i, X,a)/S/9l such that [£] is an element of {Sxi,n ®Oei»z^(p) ^){'^) element /(^) of (,iA/s)pi^) 
in such a way that the rule / is compatible isomorphisms and commute with base change. 

Pick a modular form / described as in the above proposition and let ^ := {A,i, X,a)/ S/9l&nd := {A',i',X ,a')/S/dK 
be two isomorphic tuples, say : ^ — > ^' is an S'-isomorphism; let 9?* : /s)p{S) (tA/s)p('^) i^" 
duced isomorphism on the cotangent spaces. The compatibility of / with respect to isomorphism means that 
V*p{f{^')) = fiO- Let ^ be as above and fix an S-scheme S"; denote by c : ^ (§13 S' S' the canonical map. The 
commutativity of / with base extension means that c*(/(^)) = /(^ (g)s S') as elements of {^aissS'/S'^p^'^'^- 

Modular forms mod p Let us assume that 91 = Fp is a fixed algebraic closure of the field with p elements. If 
A/¥p is an abelian variety of dimension g, we denote for brevity t* = (SpecFp) by I* = : it is a vector space over 

Fp of dimension g. 

Let A and A' be two abelian varieties over Fp of dimension 5, and let p : GLg — GLm as above; let us fix 
isomorphisms of vector spaces 7 : t^^^ — >■ and 7' : i*^^, ~^'^p- H ^ A ^ A' is a, morphism of abelian varieties 

over Fp, then ip* : t* = i* = is defined. By definition of the functor (•) we can make the identifications 

^^*A/wJp = ^^*A'/wJp = SO that ip; := p(7 0^*0 7'"!) is a morphism {t\,^^Jp ^ (i^/^Jp- 

Let us compute H^{{St>,n Fp)(Fp);Ep Fp). Fix a modular form / and a tuple ^ = {A, i, X,a)/¥p such that 
[^] is an element of {S-p^N <8) Fp)(Fp); fix also an isomorphism of vector spaces 7 : t^^j; Fp that will allow us to 
identify these two spaces in the sequel (the choice of 7 will not be influent). If = (ry^^, is an ordered basis 

for t* over Fp, denote by the same symbol the matrix 77 = [??i|-..|?7„] G GLg{¥p) obtained by placing the vectors 

77j € Fp as columns. Write z/ = [j^i|...|j^Tn] := p{r])j so that we can find a unique column vector x € F^ such that 

We can define an assignment / on tuples {A,i, X,a,ri), where {A,i, X,a)/¥p is as above and r] is an ordered 
basis for t* = over Fp, by setting: 

f : {A,i,X,a,r]) \ — >x <^ f{A,i,X,a)=p{r])-x. 
Notice that if M e GLg{¥p), then: 

f{A,i,X,a,vM) = p{M)-' ■ f{A,i,X,a,r]). 

Assume that we are given another tuple ^' = {A',i', x' ,a')/¥p such that [^'] is an element of (S-d.n <X) Fp)(Fp); 
fix an isomorphism of vector spaces 7' : — > Fp and pick an ordered basis 77' of invariant differentials for A' . 

Assume there is an isomorphism (p : (^,77) — >■ (^',??')) an isomorphism of abelian varieties (up to primo-to-j? 
isogeny) with additional structure <p : C such that (p*r]' = r]. Notice that by functoriality of the p-twisting we 
have p{r]) = if* ■ p{r]'), since ip*r]' = rj. We compute, using the fact that / is compatible with isomorphisms: 
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We have shown: 



Proposition 3.7 Let Vjp, N, p be as above; then a PEL-modular forms overFp of weight p relative to the moduli 
problem M{'D) is a rule f that assigns, to any tuple (A, i, A, a, ?7)/Fj, such that [(j4,i,A,a)] is an element of 
{S-p^N ^ Fp)(Fp) and rj is an ordered basis for t^^j over ¥p, an element f{A, i, A, a, rj) S of in such a way that: 

(a) f{A,i,X,a,vM) = p{M)-^ ■ f{A,i,X,a,7]) for all M e GLg(Fp); 

(b) if{A,iXa,ri) ~ (A', i', a', a', 77') then f{A,i,X,a,r)) = /(A', i', a', a', 77')- 

Hilbert-Siegel modular forms Let > 3 be an integer prime to p, F a totally real Galois extension of Q 
having degree / in which p is unramified. We consider the functor M(I?2g p^"*) associated to the PEL-datum V^g'^J'^ 
with good reduction at p (cf. I3.1.2p . with Rp = U{N); in this case the Shimura field is E ^ Q. Fix a rational 
Z(p) -representation p : GLfg — GLm and let be any Zj-p-j -algebra. The ^H-module: 

Mf/IF; N; m)HS ■= MpiV^^^p ; m) 

is the space of Hilbert-Siegel 9\-modular forms of genus fg, level N, weight p and relative to the field F. liDl — C, 
the Hermitian symmetric domain associated to the corresponding Shimura variety S^sp{f) is the product [}| of 

/ copies of the genus-g Siegel upper half plane If furthermore / = 1, we obtain the classical space of Siegel 
modular forms of genus g. (Cf. jGF90j . Ch.V and [LanOSj 1.4.1-3 for the comparison between 'M(T>2g'"'^^) and the 
classical Mumford's functor Ag,i^N)- 

Unitary modular forms We consider the functor M(I?^ associated to the PEL-datum I?^ ^ with good 
reduction at p as defined in 13.1.21 Let > 3 denotes an integer prime to p. Recall that the PEL-datum comes 
with a quadratic imaginary field k in which p is inert. For any Z(p) -algebra U\, we call 

the space of unitary D\-modular forms of signature (r, s) for the field fc, having genus g := r + s, level N and weight 
p. Over the complex numbers, these forms can be constructed analytically starting from the Hermitian domain 
\js,r ■= {z G Mrxs(C) : 1 — z*z positive Hermitian} (the Picard space). 
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4 Uniformization results for the supersingular and the superspecial 
loci 



We recall a uniformization result for isogeny classes in a PEL-moduli space due to Rapoport and Zink ( |MR96b) . 
Ch. 6); we then present a modification of this result that allows us to parametrize the superspecial locus. 

4.1 The result of Rapoport and Zink 

We fix some notation. Let V = {B*,V,{,),OB,^,h,KP,i') be a simple Q-PEL-datum for moduli of abelian 
schemes with good reduction at p, and neat level K^. Let G the associated reductive group over Q, and E the 
Shimura field. The completion E^, oi E at ly coincide with the field of definition of the G'"(Qp)-conjugacy class of 
/X. Let fc = Fp be a fixed algebraic closure of the residue field of E,j, and let W = W{¥p), Kq = W[^] and a the 
Frobenius morphism of W; fix a finite extension K of Kg such that /i is defined over K, so that the corresponding 
weight decomposition Vk — Vk.q ® Vk,i is also defined over K. Set E ~ E^Ko as in 12.2.21 since we are in the 
good reduction case, we have E ^ Ko- Set Bp := B ®q Qp, Vp := V Qp, (,)p := (, ) ®q Qp, Gp = Gq^, 
Ob, Ob <E>z Zp. 

4.1.1 From global PEL-data to local PEL-data 

Let Sv,Kp be the quasi-projective smooth scheme over Oe ^7,'^{p) representing the functor M — M(I?) of Theorem 
13. 4[ and let us fix a point [(Ao, io, Aq, ao)] S S-d.kp {^p), where Aq denotes a principal polarization of (ylo,io)- 
Correspondingly we have a p-divisible group X :—Aq{p) over Fp, endowed with the action ix '■ Ob, ^ EndX of 

Ob, induced by iq; the principal polarization Aq induces a principal polarization Ax '■ ^o(p) ~^ ^o(p) — ^o(p) of 
p-divisible groups (cf. |Oda69| . 1.8, 1.12) respecting the Osp-action; Ax is well defined up to a constant in . 
The triple (X, ix. Ax) is well defined modulo isomorphisms by the given point [(^o, io, Ao, cTq)] S Sv,kp (Fp) . 

By covariant Dieudonne theory, we can associate to (X,ix,Ax) the isocrystal {N :— il/*(X)[i], F) over Kq 
endowed with an action of Bp and with a non-degenerate bilinear form of isocrystals ^> : N x N ^ (well 
defined up to an element of ) that is skew-Hcrmitian with respect to * . The quasi-isogeny class of the principally 
polarized Bp-isocrystal (iV, F,Qp5') depends upon the isomorphism class of (X, ix, Ax). 

We fix an isomorphism of B ®(j ii^o-modules N c:i V (8)q Kq that respects the skew-symmetric forms on both 
sides. We then write the action of Frobenius on the right hand side as F = 6® cr for a unique element b e Gp{Kq). 
By construction we have, for any x,y G V (8)q Kq: 

{x,y) = {h® a ■ x,h® a ■ yY {x, y) , 

so that c{h) = p. The isocrystal T^®q Kq has slopes in the interval [0, 1], and in the decomposition of the iT- vector 
space V ®fiK under the co-character ^ only the weights and 1 appear. Finally, the pair (6,/i) is admissible in the 
sense of Definition l2.1.3l For, since Aq is a separable polarization, the point [{Aq.iq, Aq, ao)] G S-d,kp i^p) is liftable 

to a point [(^Qj io, Aq, 5o)] G Sv.kp (W), by Theorem 13.51 this implies that the p-divisible group (X, ix. Ax) over 
Fp can be correspondingly lifted to a p-divisible group (X, i^, X^) over W, so that the ii'-filtered isocrystal over Kq 
given by {V (E)q Kq, b (E) cr, {Vk,i C Vk}) is associated to a p-divisible group over W C Ok- By the considerations 

we made in 12.2. 11 this implies that (b,fi) is admissible, since we are in the good reduction case. 

We conclude that the choice of a global PEL-datum T) plus a fixed point [(Ag, io, Ao, ao)] G Sv.kp (Fp) deter- 
mines a simple Qp-PEL datum for moduli of p-divisible groups: 

Vp: = {Bp; ,Vp,{,)p,OB,,A,b,^i), 

in the sense of Definition 12.71 having good reduction at p and Shimura field equal to E^. Denote by Ai the 
contravariant functor from NILPq „ to SETS defined in 12.81 starting from the Qp-homogeneously principally 

polarized p-divisible group (X, ix. Ax) endowed with the action of Ob,'- M is representable by a formal scheme 

jCi which is formally locally of finite type over Spf O „ . Furthermore E^, = Kq and the A4 is formally smooth over 

SpfM^. 
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The groups / and J Denote by J{Qp) the group of automorphisms of the polarized B (g)Q Xo-isocrystal {V (8)q 
KQ;h®a): this means that J(Qp) is the group of ii'o-autoniorphisms of the isocrystal {V ^iqKq]})® a) equivariant 
for the action of Bp and preserving the polarization form induced by (, ) up to a non-zero scalar in Qp. J{Q_p) is 
the group of Qp-rational points of an algebraic group J defined over Qp. By covariant Dieudonne theory, J(Qp) 
is isomorphic to the group J'(Qp) of quasi-isogenies / : (X, ix)— >'(X, ix) of p-divisible groups over Fp such that 
/o Axo/ e Qp Ax- The isomorphism J(Qp) J'iQp) depends upon the choice of isomorphism of BtgjQ-K'o-inodules 
N c:^ V (8)q Ko that respects the skew-symmetric forms on both sides (recall that N is the isocrystal associated to 
X = Ao{p)), hence it depends upon the choice of & € Gp{Ko). We have fixed such an isomorphism, so that we 
think J(Qp) = J'(Qp). The isomorphism class of J(Qp) only depends upon the quasi-isogeny class of (X, ix, Ax)- 
The group J(Qp) acts on Ai from the left by the rule: 

g-[{X,t,X;p)] [{X,i,X;pog-% 

where [{X, i, A; p)] G M(S) for some scheme S in NILPq^ ■ 

Denote by I{Q) the group of quasi-isogenies of (^o, ^o, Aq), i-e. the group of quasi-isogenies of Fp-abelian variety 
{Aq, to) — > {Aq, to) that send Aq into itself; / (Q) is the group of rational points of an algebraic group / defined over 
Q and the isomorphism class of / only depends upon the quasi-isogeny class of (Ao,io, Xq). 

The group /(Q) acts by quasi-isogenies on the tuple (X, ix, Ax), hence on {{N, F), i, Qp defining a morphism 
I{Q) — ^ J{Qp) factoring through /(Q) ^ I{Qp)- Such a monomorphism depends upon the choice of an isomor- 
phism J'(Qp) ~ JiQp)- Since we fixed an isomorphism of isocrystal (with additional structure) N c:i V (Eiq Kq at 
the beginning of this section, we denote by ao,p : I{Q) — > JiQp) the corresponding map. 

Notice that /(Q) acts by skew-Hermitian symplectic i?-equivariant similitudes on the space Hi{Aq, A^), that we 
identified with V(E)qA^j through the isomorphism ao, and hence we also have a homomorphism : — G(Aj) 
depending of the choice of a representative ao for the class ap (hence well defined only modulo Rp). 

In conclusion, once b and ao are fixed, we have well defined group homomorphisms ao.p : I{Q) — > J{Qp) and 

: /(Q) — > G(Ap. We can make the identification: 

J(Qp) - {g e G{Ko) ■.g-ba = ba- g,c{g) € Q^}. 
4.1.2 The uniformization morphism 

The formal scheme is not defined, in general, over 0_e^, i-C- over the (ring of integer of the) local Shimura field- 
There is a suitable completion of M. that can be written as M.®sp{(Oe ) Spf(Cj; ) for a pro-formal scheme M over 
Spf{OE^)- The uniformization result of Rapoport and Zink that we recall here can be stated in terms of M. 

To this purpose, let s S Z such that 'Bko~^^Ko~^Gko factors, via the canonical projection 'Uko ^ '^m/Ko 
induced by Z C Q, through a map sv : G„i/Ka ~^ ■ Since Fp is algebraically closed, and if we assume G to 
be connected, we can assume that b satisfies the decency equation [bay = {{sv){p))(j^ in G{Kq) x: (ct), and that 
b € G(QpO f [MR96bj . 1-8-9). Let 7^ := ■ {siy{p)y^ e G{K„)] since -f^-ba = ba- 7^ and 0(7,) G Q^, we have 
7s e J{Qp)- By what we saw above, 7^ acts upon the functor M, and we define Ms to be the sheaf associated to 
the functor: 

(5 G NilpOf, ). By jMR96b| . 3.42, M.s is represented by a formal scheme locally of finite type over Spf(C'j^ ); 
notice that J(Qp) continues to act on A^^. 

The formal schemes M. and Aig have a natural Weyl descent datum relative to the extension /Oe,, (cf. 
[MR96bj ■ 3.45-46); this descent datum is effective on each M.^ for s as above. Then the projective limit of the Ms 
is a completion of M. that comes as base-change from a pro- formal scheme M. defined over Spf [OeS) '■ 

M =\imMs I Spf(C'£;J. 

The action of J(Qp) on M commutes with the descent datum, and then gives an action of J(Qp) on M. 

From now on, we shall assume that the group G is connected and satisfies the Hasse principle, unless otherwise 
stated; this is because under this assumption, the uniformization result has an easier formulation. Recall that we 
fixed [(Aojio, Ao,ao)] € ^p./fp (Fp); we also keep the notation introduced at the beginning of the section. 
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Definition 4.1 We let Z{[{Ao,io, Xo,C(o)]) ^ Sti,kp{^p) to be the set of points [{A,i,X,a)] € S-d^kp i^p) such that 
there exists an isogeny {Ao,io) — )■ {A,i) in AV sending the Q-homogeneous polarization Xq into A (no condition on 
the level structure). 

Notice that Z([(ylo, io, Aq, ao)]) is also the set of points [{A,i, X,a)] £ Sv,kp (Fp) whose underlying abelian 
scheme {A,i,X) is quasi- isogenous to (^Oj^Oi^o)- By a result of Rapoport and Richartz (cf. |MR96a| . |MR96bj 
6.26-27), one knows: 

Theorem 4.2 (Rapoport, Richartz) If the p- divisible groupie of {Ao,io, Xq) is basic, then Z{[{Ao,io, Xo,ao)]) 
is the set of¥p-valued points of a closed subset Z of Sti,kp ®¥p- 

We can now state: 

Theorem 4.3 (Rapoport, Zink) Let us fix [(^o, «o, Ao, So)] € S-d.kp (Fp) such that the p-divisible group X of 
(Aq, io, Aq) is basic; denote by Z (- St>,kp the closed subspace whose ¥p-points are the points of Z{[(Ao, io, Ao, ao)]) C 
S'D,Kpi^p)- Let Sxi.cp /z be the formal completion of the scheme Sv.kp along Z. If the algebraic group G associated 
to the PEL-datum T> is connected and satisfies the Hasse principle, then there is a canonical isomorphism of formal 
schemes over Spf Oe^ '■ 

^KP ■■ IiQ)\MxGiAP)/KP ^ Sj^^Kp/z, 

where /(Q) acts on A4 via ao.p; o,nd on G(Ap via Uq. The system of morphisms {z9kp}kp is equivariant with 
respect to the right Hecke G{APj)-action on the projective systems of both sides above. Furthermore, I is an inner 
form of G, and we have canonical identifications /(A^) = G'(A^), J(Qp) = I{Qp); ^s compact modulo its 

center. 

Recall that the right action of G'(Ap on the projective system {Sxi xp/z}kp is defined at l3.2.2l In a similar way, 
notice that if C K2 are open compact subgroups of G(Ap, we have a transition map I{Q)\AixG{A^j)/ Kf — >■ 
I{'Q)\AixG{A^)/ we obtain correspondingly a projective system of formal schemes. If g € G'(A^), we define a 
morphism: 

g : im\MxG{AP)/KP ^ im\MxG{AP)/g-'KPg 

induced by the map x ■ Rp H' g~^xg ■ g~^KPg {x E G(A^)). The equivariance of the isomorphisms i^/^p's stated 
in the above theorem is with respect to these two right actions of G(Ap (that we will call the action of the Hecke 
operators of G(Ap). 

The statement about /(Ap and I{Qp) in the above theorem is a consequence of the basicity of X (cf. |MR96b) , 
6.29). 

To prove Theorem 14. 3i Rapoport and Zink first define a morphism of functors over NILPq^ ■ 

Qkp ■■ I{Q)\M X G{AP)/KP ^ Sv,Kp ®o^^ O 

and then they show the crucial: 

Proposition 4.4 Assume that G is connected and satisfies the Hasse principle; the morphism of functors Qkp 
defines a canonical isomorphism: 

&Kp{¥p) : I{Q)\M(F^)xG{AP)/KP ^ Z{¥p). 

Both the domain and the codomain of Qkp have a Weyl descent datum to Oe,/, one can prove that Qkp is 
compatible with such a descent, and then deduce Theorem 14 . 31 from the above Proposition. The morphism Qkp is 
called the uniformization morphism in [MR96b) . 6.15. 

(In some special situations, Z coincides with the whole special fiber of the scheme Sxi,kp over Z^; in this cases, 
the result of Rapoport and Zink gives a p-adic uniformization of the whole Shimura variety at p. This happens, for 
example, in the case considered by Cherednik in |Che76| . where i? is a rational quaternion algebra unramified at 
infinity, G — and p a prime at which B is ramified) . 
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4.1.3 Description of the uniformization morphism over Fp 

We keep the assumptions of the previous sections. In particular, we liave fixed an element [(Aq, io, Aq, ag)] G 
St>,kp (iFp) that gives rise to the p-divisible group (X, ix, Ax) over Fp and then to the isocrystal {{N, F), i, Qp ^) 
over Kq; we also have fixed an isomorphism N ~V (8)q Kq of B (g)Q ifo-modules that respects the skew-symmetric 
forms on both sides, and such that F — b^a. We still assume that X is basic and that G is connected and satisfies 
the Hassc principle. 

We recall the definition of the uniformization morphism of functors over NILPq „ : 

El, 

Qkv : im\M{S) X G{k))/KP ^ Svm^ ^o^^ 
that appears in Proposition 14.41 We need: 

Lemma 4.5 Let S G NILP-^^, and let A' be an object in AVq^/s ; denote by X' — A'{p) the p-divisible group 
of A' . For any quasi-isogeny ^ : X' — >■ X" oj p-divisible groups over S that respects the O Bp-action, there exists 
an element A" of AVq^^s whose p-divisible group is X" and a quasi-isogeny ^ : A' — >■ A" of AVq^/s inducing 
^ : X' X" . Furthermore the arrow ^ : A' — > A" in AVq^/s is uniquely determined; we denote A" by ^^,A' . This 
construction is functorial, i.e. (■^2^1)* ^ = ^2* i^i*^')- 

Under the hypothesis of the above Lemma, if A' comes with a polarization \ : A' ^ A\ then ^ defines a 
polarization f^A := A^~^ on A" . If furthermore A' comes with a rigidification a : Hi{A' , hF^) — > V (8)q 

(i.e. a symplectic O-equivariant isomorphism), then A" comes with the rigidification ^^a := ao A^). 

Let 5' be a fixed scheme in NILPq ^ ; we denote by (X, ix, Ax) a fixed lifting of (X, ix. Ax) to O - , and we 

El, E„ 

let (Aq, io, Ao, cfo) be the corresponding lifting of (Aq, io, Aq, ao) over (cf. Prop. 13. 5p . We can consider base 

changes of these objects to S and to S (which is the closed subscheme of 5* defined by the ideal sheaf pOs)'- we 
denote it by the subscripts -s and respectively. 

Consider a p-divisible group with additional structure [(X, i,A;p)] G M{S)] p : (X,jx)5 — >■ {X,i)-g is an 5- 
quasi-isogeny of p-divisible groups with Osp-action such that p o Xx o p g Qp Ax; by Prop. 12.11 p lifts uniquely to 

a quasi-isogeny p : (Xs, ix) — > i^^i) of p-divisible groups over S with an action of Ob^- By the above lemma, we 
obtain therefore an abelian scheme ^^(^0/5) over S endowed with an action p*(io) of Ob, a polarization p*(Ao) 
and a level structure p^(So): such that: 

[(p*(^o/s),P*(«o),P*(Ao),P*(ao))] G Sv,Kp <»Oe„ {S) . 
We define a morphism of functors Qkp over NILPq ^ by letting, for any 5 € Oh}{NILPa ): 

El, El, 

Qkp{S) : M{S)x G{AP)/KP ^ SvM^iS), 
[{X,i,X;p)] X gRP 1 — > [(p*(lo/s), P*(«o),P*(Ao),5"^ • P*(ao))]- 



(We need to explain better the meaning of the notation g^^ ■ 'p^{ao). More properly, we assumed fixed a 
representative ao for ao, and g~^ ■ p*(ao) denotes the if -class of the isomorphism g~^ o 5o o Hi(p ^); this class 
does not depend on the choice of representative for the coset gRP. In the sequel, we will use without any further 
explanation the notation just introduced). 

We shall use the shorter notation: 

eKp{S) : [{X,t,X;p)] X gRP ^ [(p, (I0/5 Jo Jo), 5^' • (So))] 

Notice that Qkp{S) is well defined (all the choices we made above give the same tuples, up to isomorphism). 
Furthermore, {Qkp}kp is equivariant with respect to the right G'(Aj)-action on the projective systems of both 
sides above. 
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We now define a left action of I(Q) on the left hand side. Fix S £ OhUNILPo „ ), \(X, i, A; p)] e M(S), g E G(A^f) 
and ^ e /(Q); we set: 

where ao,p : -^(Q) ~^ J{Qp) and Ofp : I{Q) G(Ap are the homomorphisms defined in 14.11 It is easy to check that 
9ifp is invariant under the left action of /(Q) just defined: in fact since Q!o(^~^) : (X,ix, Ax) — > (X,ix, Ax) is a 
quasi-isogeny coming from : (^o, *0j '^o) — ^ i^o, *0) Ao), we have canonical identifications 

oio{C^)*{Ao,io,Xo) = (Ao,io,Ao), 
(po ao,p(f"^)s)^ (^o,«o,Ao) = p^(^o,«o, Ao). 

Under these identifications, the level structures associated to ^- ([(X, i, A; p)] x gX^) and [(X, i, A; p)] x gi^P coincide. 
We call the uniformization morphism 

Qkp : I{Q)\M X G(Ap/Cf ^ ^p^^p '^o,^ 

the map induced by &kp defined above modulo the left action of I{Q) on 7VI x G{A^j)/Kp. 

Let us now consider the map on geometric points QkpO^p)' it is clear that its image coincide with Z(¥p). 
Furthermore Qkp (Fp) is injective: assume that we start with two points [{Xj,ij, Aj ; pj)] G Ai{¥p) (j = 1, 2) in ; we 
obtain correspondingly quasi-isogenies of abelian varieties pj^i^ : Aq — > Aj Pj^^{Ao) {j = 1, 2). If / : Ai — > A2 is 
an isomorphism of abelian varieties with additional structure, then ^ := P2]^i, ° f ° Pi at ^ ^(Q) induces an element 

fto,p(C) G JiQp) such that f o Pi — P2° <^o,p(Oj that {Xi,ii, Xi; Pi) — (^2, ^2,^2; ^2)- Keeping track of the level 
structures, we conclude the injectivity of <dKp{¥p)- This proves Proposition 14.41 

4.2 Restriction of the moduli problems to the superspecial locus 

We recall the notion of superspecial and supersingular abelian varieties over Fp; then we apply the results of the 
previous paragraph to the superspecial locus of our moduli scheme. 

4.2.1 Supersingular and superspecial abelian varieties 

Let A be an abelian variety of dimension g > I over the field Fp; denote as usual by A(p) its Barsotti-Tate group: 

it has dimension g, height 2g and #A[p](Fp) < p^. We have A{p) ~ A{p), where A denotes the dual abelian variety, 
hence A{p) is isogenous to its Serre dual. This implies that if < Ai < ... < A2g < 1 is the slope sequence of A{p), 
then Ai + A2g-i = 1 for all 1 < i < 2g. In particular, if g = 1 the only two possibilities for the isomorphism class 
of A{p) are Go © Gi and G1/2; we say that A is ordinary in the first case, otherwise A is said to be supersingular. 
In higher dimension the situation is richer. 

An abelian variety A over Fp is said to be supersingular if A{p) is isogenous to Gf^^^ (over Fp); it is said to be 

superspecial if A{p) is isomorphic to Gf^^ (over Fp). An abelian variety A' over a finite extension of Fp is said to 

be supersingular (resp. superspecial) if its base change to Fp is supersingular (resp. superspecial). 

If 5 — 1, there is no difference between supersingular and superspecial abelian varieties. We recall some 
properties of supersingular elliptic curves (cf.: (Sil86] . Ch. V; |Tat66) : |Ghi03j . 2.2.). 

An elliptic curve E defined over Fp is supersingular if and only if its endomorphism ring End-B :— Endj; E 

is isomorphic to a maximal order in the quaternion Q- algebra ramified exactly at the places {p, 00}; if E/¥p is 
supersingular, then there exists a unique (up to Fp2 -isomorphism) elliptic curve E' defined over Fp2, such that 
E = E' '^w^2 Fp and such that the geometric Frobenius E' — >• i<;'(P") = E' equals [—p]- Furthermore, Endp^a E' = 
Endjp: E and the association _E H> i?' is functorial. The cotangent space U!{E) of E has a canonical Fp2 -structure. 

If i? is a supersingular elliptic curve over Fp and E' is its canonical model over Fp2, then E'{p) is a canonical model 
of E{p) whose covariant Dieduonne module Ay2 ■— M^,{E'{p)) (over W^(Fp2)) is isomorphic to: 
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where a denotes the Frobenius morphism of VF(Fp2). Furthermore, Axji := M^.{E{p)) ~ (cf. Th. 

12. 3p . and the ring of Dieudonne module endomorphisms End = End A'j^^2 is isomorphic to the maximal order 
in the quaternion division algebra over Qp (cf. [Ghi04aj , Corollary 7) . 

There are finitely many isomorphism classes of supersingular elliptic curves over Fp, and they all are isogenous. 
It is a result of Deligne and Ogus that ii g > 2 and Ei, .■.,E2g are supersingular elliptic curves over Fp, then we 
have an isomorphism over Fp: E x ... x Eg ~ £^g+i x ... x i?2g.For references on the proof of this and the following 
results, cf. |KZL98) . 1.6.: 

Proposition 4.6 Let A be an ahelian variety over Fp of dimension g > 2. Then the following are equivalent: 

1. A is supersingular; 

2. all 2g slopes of the Newton polygon of A are equal to 1/2; 

3. A is isogenous over Fp to E^ for some (any) supersingular elliptic curve E over Fp. 
Furthermore, the following are equivalent: 

1. A is superspecial; 

2. M*(A(p)) ~ A®^2 Dieduonne W{¥p) -modules; 

3. A is isomorphic over Fp to E^ for some (any) supersingular elliptic curve E over Fp. 

If ^ is a superspecial abelian variety over Fp of dimension 5 > 2, then we see that A has a canonical model 
A' over Fp2 , in which the geometric Frobenius equals [—p] . Furthermore the association yl 1— > A' is functorial. If 
A — E^ is a superspecial abelian variety over Fp of dimension g > I, then A comes with a canonical principal 
polarization A A induced from the canonical polarization of the elliptic curve E. For this reason, in this case 
we will identify A and A. As a consequence, M{A{p)) and M^,{A{p)) are canonically isomorphic as Dieudonne 
modules. 



4.2.2 A variant of the moduli problem for p-divisible groups 

Let us fix integers g > ^, N > 3 and a prime number p not dividing N; let us denote by Ag^i^N the Siegel moduli 
scheme associated to the PEL-datum V^g^^^ having good reduction at p, and to the choice of principal level U (N) 
(cf. I3.2.3p . If g = 1, ,4i,i_Ar(Fp) contains a finite number of supersingular elliptic curves, which form an isogeny 
class; if (7 > 1, the supersingular abelian varieties living in y^g.i,Ar(Fp) define a closed subset of positive dimension 
(cf. |KZL98] . 4.9), hence "too big" for our purposes. For this reason, in ^Ghi04a. . the author needs to consider 
superspecial abelian varieties, instead of supersingular varieties, in order to construct a map from geometric to 
algebraic eigenforms of Siegel type. The above situation also occurs in other cases of PEL-type. 

Fix a prime number p and denote by W = (Fp) the ring of Witt vectors of Fp and by Kq its fraction field, 
endowed with the Frobenius automorphism a. We assume fixed a simple Qp-PEL-datum with good reduction at p 
for moduli of p-divisible groups over Fp : I?inod=(-Bp,* ,Vp,{,) , Ob^ , A, 6, fi). We denote by K the finite extension 
of Kq over which the co-character /i is defined, by Ep the Shimura field of the datum; we let Ep :~ EpK^. 

The above data define an isocrystal (A^, F) := [Vp (8)Qp Ko,ba) endowed with an action i of Bp and a skew- 
hermitian non-degenerate form of isocrystals "ii : N x N ^ 1(1)- By our assumptions, this isocrystal comes - via 
the covariant Dieudonne functor - from some p-divisible group over Fp - endowed with action of Bp and polarization 
- that is uniquely determined only up to isogeny. We fix a choice of isomorphism class (X,ix, Ax) of polarized 
p-divisible group over Fp (with Shimura field Ep) associated to (A, i,Qp 5*). We furthermore assume that Ax is a 
principal polarization and that «x comes from an action of Ob^ on X (this will always be automatically true in 
our applications). 

Definition 4.7 Let us fix (X, ix,Ax) as above. The set: 

M'ifp) :=M'(x.x.Ax)(^^) 
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is the collection of equivalence classes of quasi-isogenies p : (X, «x,Ax) — >■ (X, ix,Ax) of the p- divisible group X 
over Fp that respect the O Bp -structure and such that p o Ax o p G Qp Ax • Two quasi-isogenies p and p' are said 
to be equivalent if the ¥p-quasi-isogeny f '■= p' o p^^ is an isomorphism (X, ix,Ax) (X, ix,Ax) of p- divisible 
groups over Fp with OBp-action, such that f o Ax o / G Zp Ax- 

The set A^'(Fp) is non-empty since [(X, ix,Ax)] e M'{¥p). Furthermore M'{Fp) C M(¥p) is closed. Notice 
also that in the definition of A^'(Fp) we can forget about the determinant condition that appears in the definition 
of A4, since it is automatically satisfied. 

Let J(Qp) denote the group of quasi-isogenies p : (X, ix)— >(X, ix) over Fp such that po Ax o p G Qp Ax, as in 
I4.1.1[ and let J{Zp) be the subgroup of isomorphisms (X, ix)^'(X, ix) preserving the polarization form up to a 
factor in Zp . Although the space A^(Fp) is somehow mysterious, we have a better understanding of A^'(Fp): 

Proposition 4.8 There is a natural bijection A^'(Fp) ~ J((Q)p)/ J(Zp). 

Proof. Clear from the definition of A^'(Fp): the bijection associates to [p] G A^'(Fp) the left coset p~^J{Zp), 
where we view p~^ as an element of J(Qp). B 

4.2.3 Uniformization of the superspecial locus 

We now apply the above results to the situation we are interested in. For convenience we recall some notation 
already introduced. Fix 2? — [B* , V, (, ) , Os, A, /i, K'p ^ v) a simple Q-PEL-datum for moduli of abelian schemes 
with good reduction at p, and neat level . Denote by G the associated algebraic group, and assume it is connected 
and satisfies the Hasse principle. Let E be the Shimura field of V and E^, the completion of E at v. Let Fp be a 
fixed algebraic closure of the residue field of E^, and W — W{¥p), Kq — W[j;] and a the Frobenius morphism of 

W; fix a finite extension K of Kq such that p, is defined over K; set E^ = E^Kq. The objects Bp, Vp, {,)p, Gp, 
are defined as before. 

Let Sv,Kp be the quasi-projective smooth scheme over Oe'S5z'^{p) representing M(I?); we see Sv,kp as a scheme 
over O jf; . Suppose that the common dimension of the abelian schemes parametrized by Sxi.kp is g := dime Vc,o > 2; 
fix a supersingular elliptic curve Eq over Fp, and denote its canonical model over Fp2 by Eq. Let = Eq be the 
corresponding superspecial abelian variety over Fp, endowed with the identity principal polarization Aq '■— id^g (we 
identify canonically Eq and Eq). 

Assume that the moduli scheme S-p^Kp contains a point of the form [{Aq, ig, Aq, cTq)] £ St>,kp (Fp) that we fix; 
the p-divisible group X =Ao{p) over Fp is isomorphic to G®^^ and is endowed with the action zx of Obp induced 
by io and the principal polarization Ax : Ao{p) — > Ao{p) ~ Gf^^^. The triple (X, ix,Ax) is well defined modulo 

isomorphisms by the given point [{Aq, iq, Aq, cTq)] G St>,kp (Fp) . As usual, we associate to (X, ix, Ax) the isocrystal 
{N := MH,(X)[i],F) over Kq endowed with an action of Bp and with a non-degenerate bilinear form of isocrystals 
"if : N X N ^ We fix an isomorphism of B (8)q i^o-modules N ~V (8)q Kq that respects the skew-symmetric 

forms on both sides and we then write the action of Frobenius on the right hand side as F = 6 (g) cr for some 
b G Gp{Ko). Since N is isoclinic, the slope morphism associated to G and b over Kq has image contained inside 
the center of G, so that b is basic in the sense of 12.1.31 

We have in hands also a simple Qp-PEL datum for moduli of p-divisible groups T>p : = {Bp,* , Vp, (, )p , Os^ , A, b, p), 
having good reduction at p and Shimura field equal to E,y. The closed subscheme A^'(Fp) :— Ai' - ,(Fp) of 
A^(Fp) is then defined and identified with J(Qp)/J(Zp). 

Definition 4.9 We let Z'(Fp) := Z' {[{Ao,io,XQ,ao)]){¥p) C Sv,Kp{¥p) be the set of points [{A,i,\,a)] G ^ (Fp) 
such that the principally polarized p- divisible group {A{p),i, X) of {A,i,X) is isomorphic to (X,ix,Ax). We call 
Z'{¥p) the superspecial locus associated to (X, ix,Ax). 

The set .^'(Fp) is a closed subset of Z{¥p); furthermore if the class [{A, i, X, a)] belongs to Z' (Fp) , the p-divisible 
group of A is isomorphic to Gf^^, so that A ~ is superspecial. 

Remark 4.10 Assume that V is the PEL-datum of type C defined in \8.1.'A with e = 1 (so that G(Q) = GSp2g{Q) ); 
let Aq be as above a fixed superspecial abelian variety of dimension 5 > 1 over Fp. In fEkeST^ , it is shown that 
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the isomorphism classes of principal polarizations on Aq form a single genus class: this means in particular that 
if A and X' are two principal polarizations on Aq, then the p-adic polarizations associated to A and A' respectively 
on the Dieudonne module of Aq are isomorphic. Hence {Aq{p),X) ~ (ylo(p),A ) as principally polarized p- divisible 
groups over Fp . 

As a consequence, in the case T) is of type C with e = 1, we have: 

Z'(Fp) = {[(^Oi A, S)] : A a principal polarization on A^, 

a a K^-level structure on Aq} 

Proposition 4.11 The uniformization morphism Qkp{!^p) of Proposition ^^ induces a canonical Hecke-equivariant 
isomorphism: 

e'K.(Fp) : /(Q)\X'(Fp)xG(Ap/Xf Z'(Fp). 

We call Q'j^p{¥p) the uniformization morphism for the superspecial locus. 

Proof. First recall that under our assumptions on G, and by the basicity of 6, the map 0_R-p(Fp) is a well 
defined Hecke-equivariant isomorphism. The action of /(Q) on A^(Fp) determines an action on A^'(Fp) C M(¥p), 
so that we obtain a natural injective Hecke-equivariant map; 

/(Q)\M'(Fp)xG(AP)//^P ^ IiQ)\Mi¥^)xG{AP)/KP. 

Define 0^p(Fp) by precomposing this last map with 9xp(Fp). In order to determine the image of 0^p(Fp), we 
follow the construction of the uniformization morphism over the field Fp (cf 14.1.31 and |MR96b| . 6.13-14). 

Pick an element [p] G M'{¥^); the quasi-isogeny p : (X, ix,Ax) — > (X,ix,Ax) determines, by Lemma [4.5[ a 
principally polarized abelian variety: 

ip^Ao,pJo,p*Xo) 

in AVog, whose p-divisible group is isomorphic to (X, ix, Ax), so that the image of 8^p(Fp) is contained inside 
the superspecial locus. 

Viceversa, let [(A, i,A,a)] € Z'(Fp) and choose a quasi-isogeny of principally polarized abelian varieties p : 
(Ao,io,Ao) {A,i,X). Then p defines a quasi-isogeny of the corresponding p-divisible groups p : (X,ix,Ax) 
(A(p),i, A). Precomposing p with an isomorphism p : {A{p),i, X) — > (X, ix, Ax) we obtain an element [pop] g 
A^'(Fp) such that {po p)^,{Ao,io, Xq) = p^,{A, i, A) ~ {A, i,X). Let now g e G(A^) defined hy g :— {po p)^ao°ct~^; 
the pre-image of [{A, i, A, a] £ ^'(Fp) under 6^p(Fp) is the /(Q)-class represented by [pop] x gRP. ■ 

Remark 4.12 We have seen that the group I{Q) (Endc)g(Ao, Ao)(8)zQ)^ acts on the left upon A^'(Fp) through 
the map ctQ.p ■ -^(Q) — ^ t^(Qp)- We have therefore the canonical identification: 

I{Q)\M'{¥p) 4 /(Q)\J(Qp)/J(Zp), 

where the action o//(Q) on Ai' (¥p) is the one described in \4.1.1\ so that (cf. proof of Proposition \4-S^ the action of 
I{Q) on the coset space J(Qp)/J(Zp) is given by x ■ gJ{'&p) = {M^{x) ■ g)J{'Lp), for allx£l{Q) and all g £ J{Qp). 
More easily, we will write x ■ gJ{'Lp) — xgJ{'Lp). 

Corollary 4.13 There is a canonical Hecke equivariant isomorphism: 

e'Kp(Fp) : /(Q)\ (j(Qp)/J(Zp)xG(AP)/i^f) ^ Z'(Fp), 

where the action o//(Q) on J(Qp)/J(Zp) is the natural one, described in Remark \4.12\ Furthermore, Z'(¥p) is a 
finite set. 

Proof. We just need to show the finiteness of Z'{¥p). By Theorem 14.31 we have canonical identifications 
/(Ap — G(Ay) and J{Qp) ~ I{Qp), so that we can rewrite the domain of the morphism Q'kp{^p) as: 

I{Q)\ (l{%)/I{'Lp)xim)/CP) = /(Q)\/(A/)/G, 

where G^ is the image of Rp in /(A^) and G = /(Zp) x G^. By the proof of 6.23 in |MR96b| . /(Q) is a discrete 
subgroup of /(Qp)x/(Ap = I{Kf)\ by Proposition 1.4 of |Gro99) . the quotient space I{Q)\I(Af) is therefore 
compact, so that /(Q)\/(A/)/G is finite. ■ 
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5 Comparing Hecke eigensystems 



We apply the results of the last section to study systems of Hecke eigenvalues coming from unitary modular forms. 
We begin by recalling some notation: although this notation will be assumed fixed in the rest of the chapter, we 
will specify in the following paragraphs additional requirements on the objects considered below. 

Fix an algebraic closure Q (resp. Qp) of Q (resp. Qp) and an embedding Q C C. Fix a simple Q-PEL-datum 
V — {B* , V, (, ) , Ob, a, h, K^, v) for moduli of abelian schemes with good reduction at p, and neat level K'P] denote 
by G the associated algebraic group, and assume it is connected and satisfies the Hasse principle. Let /j, be the 
co-character associated to h, and let i? C Q be the Shimura field of T). Let Fp be a fixed algebraic closure of the 
residue field of Ey C Qj,; set W = W{¥p), Kq = W[^] C Qp and denote by a the Frobenius morphism of W; recall 

that El, C Kq. Fix a finite extension K C Qp of Kq such that ^ is defined over K; set E^, — E^Kq — Kq. Define 
Bp, Vp, Gp, ©Bp as usual. 

Let St>,kp be the quasi-projective smooth scheme over defined in Th. 13.41 suppose that the common relative 
dimension of the abelian schemes parametrized by St>,kp is g '= dime Vc,o > 2; fix a supersingular elliptic curve Eq 
over Fp, and denote its canonical model over Fp2 by Eq. Let Aq :— Eq be the corresponding superspecial abelian 
variety over Fp, endowed with the identity principal polarization Aq := id^Eo ^^"^^ always identify canonically 
Eq and Eq). Denote by *H the Z- algebra Endi?o = Endp 2 Eq of endomorphisms of the supersingular elliptic curve 
Eq over Fp; is a maximal order in *B := End" Eq — End Eq ®z Q, where 58 is a quaternion algebra over Q whose 
ramification set is {p, 00}. If is a place of Q, we denote by *Bt, the Q^-algebra 05 ®q Q^; we also denote by " the 
canonical involution of *8 (cf. |Vig80| ) . 

Assume that Sv,kp contains a point of the form [{AqjIq, XQ,aQ)] G Sv.kp (Fp) for some io, Aq and oIq. Let us 
fix such a point; the p-divisible group X ■.=Aq{p) over Fp is isomorphic to G®^2 is endowed with the action ix 
of induced by Iq and the principal polarization Ax : Aq{p) — > Aq[p) ~ G®^. By covariant Dieudonne theory, 

we associate to (X,ix, Ax) a Dieudonne module M := Af*(X) over W, endowed with an action im of and a 
principal polarization : M x M -^W of Dieudonne modules, which is skew-Hermitian with respect to * , and 
well defined only up to a scalar factor in . By inverting p, we obtain an isocrystal {N :— M[i],F) over Kq 
endowed with an action of Bp and with a non-degenerate bilinear form of isocrystals ^ : iV x — > 1(1)- We fix 
an isomorphism of B Xo-modules N V (8)q Kq that respects the skew-symmetric forms on both sides and we 
then write the action of Frobenius on the right hand side as F = 6 (8) cr for some b e Gp{Kq). Since N is isoclinic, 
b is basic in the sense of 12.1.31 

We have a simple Qp-PEL datum for moduh of p-divisible groups Vp— {Bp* ,Vp, {,)p ,OBp,-^,b, /x), having good 

reduction at p and Shimura field equal to Ei,. Associated to Vp we have the moduli functor M. The fixed choice 
of (X, ix, Ax) gives rise to a closed subset A4'{¥p) C Ai[¥p) (cf. Def. 14. 7|) . and a uniformization Hecke-equivariant 
isomorphism of finite sets: 

e'^p(Fp) : /(Q)\X'(Fp)xG(Ap/Xf Z'(Fp), 

e^p(Fp) : /(Q)\ (j(Qp)/J(Zp)xG(Ap/ifPj ^ Z'(Fp). 

Since Aq = Eq, we obtain canonical isomorphisms EndAo — Mg{Ui) and End° = Mg{^). Under these 
identifications, and the canonical isomorphism Aq = Aq, the principal polarization Aq = id^Eg coincides with the 
identity matrix Ig G Mg (51) , so that the auto-quasi-isogenies of the principally (homogeneously) polarized abelian 
variety (Aq, Aq) are identified with the elements of the unitary quaternion similitude group: 

GC/g(*B; Ig) := {X e Gi<,(») : X* X = c{X) ■ Ig, c(X) e Q^}, 

where X* := X . Similarly, the automorphisms of the pair {Aq, Xq) are given by GC/g(^H; Ig), and the automorphisms 
of {Aq, Xq) viewed as a polarized abelian variety up to prime-to-p isogeny are given by G/7g(lH (^z '^{p)\Ig)- 

Notice that GUg{^; Ig) defines an algebraic group over Q, which is reductive, since it is a form of the reductive 
group GSp2g/Q, and such that Ug{^;Ig) is compact at infinity (since Ug{'Soo', Ig) C 0(4^)). 

5.1 The settings 

Let us assume that V — T)^^ g-, ^ is the PEL-datum of type A constructed in l3.1.2l in particular, T> is associated to a 
quadratic imaginary field k — Q (\/a) C Q (a G Z<o square free) in which p is inert. By our previous assumptions. 
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we are given an embedding t : fc ^ C of fields such that T{^/a) — \J —\\J —ol for our fixed choice of square root of 
— 1; we denote by " the non-trivial field automorphism of k. Recall that we set V = , g = 2n\r^s are two positive 
integers such that r + ,s = g. The algebraic Q-group associated to ^ is the unitary group relative to fc and to 

the form: 

i.e. it is G = GUg{k; r,s); G is connected, satisfies the Hasse principle and can be defined over Z. We have shown 
in l3.1.2l that the reflex field of our datum is i? = Q if r = s = n, and E — k otherwise. The determinant polynomial 
is: 

/(Xi,X2) - (Xi - ^x^nx^ + ^x^Y e Oe[x,,X2]. 

We take -.^ U{N) for a fixed integer > 3 not divisible by p. Assume for simplicity that p ^ 2. 

The embedding : Q ^ Qp that we fixed identifies k^ with the only degree two unramified extension of Qp 
inside Kq] if ¥p2 denotes the residue field of k^, we obtain an embedding Fp2 C Fp. 

Proposition 5.1 There is a supersingular elliptic curve Eq over Fp whose endomorphism ring Endi?o contains 
an element (f^ such that: 

1. (fll = a; 

2. the tangent map hieip,^ : Liei?o — >■ Liei?o is multiplication by the scalar ^/aijnodp) G Fp2 C Fp, where here 
^/a Cz k is viewed as an element of ky via v. 

Proof. Let E be any fixed supersingular elliptic curve over Fp. By | Vig80| , Theoreme 3.8, page 78, there is an 
embedding of Q-algebras j : k ^ End° E; there is a maximal order R of End E containing j(-y/a): in fact we can 
write End°i? = j{k) (B j{k)u for some u e End° i? (cf. |Vig80| , CoroUaire 2.2, page 6), and the left order of the 
ideal Z + Xi{-Ja) + Zu + 1.j{sfoL)u of End° E clearly contains j{\f(x). By work of Deuring, it is known that there 
is a an elliptic curve Eq over Fp and a quasi-isogeny f : Eg ^ E such that R — f o Endi?o ° /^^, so that Endi^o 
contains an element ip'^ whose square equals a (cf. |Wed07| 2.15). 

The tangent morphism Liei^^ can be canonically identified with an element of Fp; since (Lie(^^)^ = amodp, 
we have Liet/?^ = ±y/a{modp) € Fp2 (recall we are given a fixed embedding Fp2 C Fp). We define ip^ := iy;^ 
depending on Lieip'^ being equal to ±v^(inodp) respectively. The pair {Eo,ip^) we just constructed satisfies the 
requirement of the proposition. ■ 

Fix a pair (Eq, ip^) over Fp as in the above proposition (recall that the choice of isomorphism class of Eq will not 
be relevant later on, since g > 2) and set Aq — Eq , Xq = id^^^; recall that is the Z-algebra Endi?o (containing ip^), 
and S := End° Eq. Let i : /c ^ *8 be the Q-algebra homomorphism such that L{y/a) = tp^. Since p is odd, we have 
Ob ■= Cfe,(p) = ^(p)[v^]- Define a Z(p)-algebra monomorphism io : ©^^(p)'^ End(Ao) Z(p) = Afg(*K(8)z ^(p)) by 
requiring that: 

On the dual variety Aq — Aq we have the dual action iq : Ok (^pj^Mg{Ui <Siz ^(p)) defined by io{b) ~ ia{b)* for any 

b e Ok^(p) (recall that for X e Afg(*8) we have set X* :— X*). Since k is embedded into *8 by l, the conjugation 
on *B induces on t(fc) the only non-trivial automorphism (cf. |Vig80| , Corollaire 2.2, page 6); we therefore have: 

ioiVa) = -io(Va) = ioiVa)*, 

so that Aq o ioib) = io{b) o Ao for any b G Ok^{p), and Aq is a principal polarization for (j4o,io) (equivalently, 
io{b*) = io{bY for any b G Ok,(p), where f denotes the Rosati involution associated to Aq). 

Fix an ordered basis {ti, ■■■,tg} for the Fp-vector space Lie Ao = (LieE'o)^ such that {tt} is (the natural image 
of) a basis for the Lie algebra of the simple i*'' factor oi Aq — Eq {1 < i < g). With respect to {ti,...,tg}, by 
construction Lie to (v^) ^^ts on LieAo via the matrix: 
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We conclude that the fixed pair (v4o,io) satisfies Kottwitz' determinant condition, since we have the following 
equalities in ¥p2 : 

det{X, + V^X,;UeA,) ^ det (^^^' ' ^^^'^^^ (Xi +1/^^X2)/.) ^"^"'^^^ 

= fiXi,X2) (modp). 

We fix a J7 (A^)-orbit of an isomorphism ao : Hi {Aq, A^) — ®q of skew-hermitian modules with fc-action. By 
definition of our moduli variety, we have determined a point: 

[(Ao,io, Ao,ao)] ^ Sv,uiN)(^p) 

that we consider fixed for the remaining of this section. In particular, we have a canonical Hecke-equivariant 
isomorphism associated to (X, ix, Ax) from Corollarv l4.13l 

%iN)i^p) ■■ m)\ {.mp)/J{Z,)xG{AP)/U{N)) ^ Z'(Fp). 
Recall that both sides above are finite sets. 
5.1.1 The groups /, J and G 

We recall the nature of the algebraic groups /, J, G appearing in the domain of the uniformization morphism. Recall 
that G = GUg{k; r, s) is the reductive group over Q associated to the quadratic imaginary field extension fc/Q and 
the Hermitian form determine by the matrix H; furthermore: 



U{N) := ker [ GUg (Ofc ®z i"; r, s) ^ GUg [ Ok ®z « 



is a compact open subgroup of G(Ap. 

By definition, /(Q) is the group of auto-C'fc.(p)-quasi-isogenies of the homogeneously principally polarized abelian 
variety {Aq, Aq); let us denote by $ the matrix: 

$:=$„= (7"^'^ ^-)eMg{^). 

\ 'Js.r H^a-'-sJ 

Then we have /(Q) = {X e G'[/g(«8; Ig) : X$ = and for any Q-algebra S we have I{S) = {X e GUg{% (8)q 

S-Jg) : X$ = 

On the other side, J(Qp) is the group of ifo-automorphisms of the homogeneously principally polarized 
isocrystal with fc-action (A^, F;i, ^'); it has a compact subgroup J{1p) that is given by the VF-automorphisms 
of the homogeneously principally polarized Dieudonne module (M,iM, gm) endowed with C^, (p-j-action. Since 
M — A/*(v4o(p)) — principally polarized Dieudonne modules, where A®j^ is endowed with the product 

polarization coming from the polarization (^^^ on ^1/2, one deduces ( |Ghi04a] . Cor. 10), keeping track of the 
action of Cfc,(p): 

J(Qp) ~ {X eGUg{^p-Ig):X^ = ^X} = I{Qp), 
J(Zp) ~ {X eGUg{d\p-Ig):X^ = '^X}=:I{'Lj,), 

where *Hp denotes the unique maximal order of the skew- field *8j,. This result can also be deduced from !MR96b] 
6.29; the above isomorphisms are canonical. 
We deduce from Corollarv l4.13l 

Proposition 5.2 There is a canonical Hecke-equivariant isomorphism of finite sets: 

%iN}{^p) ■■ I{Q)\I{Af)/UN ^ Z'{¥p), 

where Un ■= JC^p) x U{N) is viewed as an open compact subgroup o//(A/) = J{Qp) x G(A^). 
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If Lg is a finite field of cardinality q, there is, up to isomorphism, a unique Hermitian space of dimension m 
associated to the quadratic extension L,q-2 /I^q (cf. |Lew82) ). We denote the associated unitary group - defined over 
Lq - by Um\ in particular: 

GC/„(L,2) = {X e GL™(L,2) : X*X = c{X)-I^,c{X) e L,^}. 

We will also need to consider the algebraic group G{Umi x Um^) C GUm^ x GUm^ defined over Lg, whose L^-points 
are: 



X*X = cIr,Y*Y = cls,ce 



Omi,m2 

n Y 

(Notice the slight abuse of notation). Via the embedding i : fc ^ 58 that we fixed, we obtain a natural 
epimorphism ^Rp -» Fp2, indeed we can write D\p = Zplip^] © Zpltp^jll for a choice of uniformizer 11 such that 

n'^p, so that: ^^^-^^=Fp.. 

Lemma 5.3 Let G{p) := G{Ur x J7s)(Fp2); there is a short exact sequence of groups (defining Up): 

1 C/p ^ J{Zp) A G{p) I, 

where the map tt : J{'Zp) — > G(p) is induced by the canonical epimorphism ^Rp —» ¥p2 arising from our fixed 
embedding t : fc ^ *B. 

Proof. By previous considerations, we have a natural identification: 

J(Zp) = {X e GUg{mp;Ig) : X^ = ^X}. 

Via the embedding t, we identify (p„(modn) with -^^(modp) £ Fp2; if X G J{'Lp), then ■n{X) E GUg{¥p2) and the 
equation X$ — ^X for an (r, s)-block matrix X — (^c ^ GUg{Ulp; Ig) reduces to the equation in Mg(Fp2): 



A B 
C D 



(™°dn) . (-f;^- J (modp) = (-g^- ^:;J (modp) • ^) (modn) 



We deduce that i3(modn) = and G(modn) = Qs.r, since p ^ 2, so that 7r(X) € G(p). 

On the other side, if F = (^^^ '^g''^ € G(p), then we can lift F to a matrix in G{Ur x Us){Ok„), and we can 
see G{Ur x C/s)(Ofc,J C J(Zp) via t, so that tt is onto. ■ 

5.2 Unitary Dieudonne modules and invariant differentials 

We will need the following general fact: 

Lemma 5.4 Let L be a subfield ofWp and let a denote the restriction of the Frobenius of W to W{L). Let M be 
a Diudonne module over W{L) endowed with the 1j(^pylinear action of a 1(^py algebra with involution O; assume M 
comes with a principal polarization e : M x M ^ W{L) that is skew- Hermitian with respect to the O-action. Then 
the assignment: 

, , M M , ^ 

^'I'Ym^Vm^^ e(a;,^2/)(niodp) 

is a well-defined, perfect pairing which is L-linear in the first variable and L-semilinear (with respect to a) in the 
second variable. Furthermore, (,) is skew- Hermitian with respect to the action of O. 

Proposition 5.5 If F + V = Q on M , then (, ) defines a a^^ -alternating pairing yjj x yjj — > L. 
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Proof. For x, y, m, m! G M we have: 



e{x + Fm,F{y + Vm')) — e(x, Fy) + e{Fm, Fy) + e{x + Fm, FVm') = 

= e{x, Fy) + e(m, VFy)" + e(a; + Fm, pm') = 
= e(a;, J^y)(modp), 

so that (,) is well defined; it is clearly L-linear in the first variable, and cr-semilinear in the second since F is 
(T-semilinear. If 6 G O and x,y G M we have: 

{bx,y) = (bx,y) — e{bx, Fy){niodp) = 

— e{x,b* Fy) (mod p) = e{x, Fb*y) {mod p) = 
= {x, b*y) . 



To show that (, ) is non-degenerate we need to show that the L-linear map: 

M , M ^ 

HonV_/m(T7T7,i) 



FM """"^yAf 

induced by (, ) is an isomorphism of L- vector spaces. Let x ^ M such that {x, y) = for all j/ € M. By assumption 
we have e{y,Vx) € pW{L) for all y G M; If we denote hy fi : M Homw {M,W) the isomorphism defined 
by /i(m) :— e(-,m), we have that fJ.{Vx) has image contained inside pW{L), so that there is z G M such that 
^^{Vx) — fJ.{z); we obtain Vx ~ pz, so that px = FVx = pFz, hence x ^ Fz £ FM. We deduce that e is injective. 
Similarly one can show that (, ) induces an injective cr-semilinear map of L-space: 

Homi(-^,L). 



VM 'FM' 

We conclude that dim^ yjj = dim/, -^j^ < oo and e is forced to be an isomorphism. 
Finally, if F + = 0, we have FM = VM and if x, y G M one computes: 

{x,y) — e(x^Fy)(m.odp) = — e(a;, V^y)(modp) = 

= —e(Fx^yY (modp) = e^y^FxY (modp) = 

= ^.'^Y ■ 
This says that (, ) is cr^-'^-alternating. ■ 

Fix a triple (Ao,i, A) such that [(^Oj«,A,a)] G ^'(Fp) for some level structure a; we know that (j4o,i,A) has 
a canonical Fp2 -structure, that we denote by (Ao,*, A ); by functoriality, the various object that we associated to 
(Ao, «, A) (as p-divisible groups, Dieudonne modules, polarizations, actions of algebras) are obtained as base changes 
to Fp (or to W) of analogous objects defined over Fp2 (or over W^(Fp2)). It is therefore equivalent to work with 

(Ao,«,a') or with (Ao,i,A). 

Let X' :— Aq(p) be the p-divisible group of Ag: it is defined over Fp2; its covariant Dieudonne module M' = 
M,(X') is a VF(Fp2)-module, and M' = (^1/2)^, (cf HXT|) : furthermore M = M' ®w{v_^^-) W. The symbols im' 
and CM' have the obvious meanings, relatively to the given action i and polarization A'. 

By |PB82I 3.3.1, there is a positive integer m such that the canonical map of cotangent spaces (at the origin) 

is an isomorphism. Furthermore, the closed immersion Aq[p'"] ^ A'^ of Fp2-group schemes induces an epimorphism 
of Fp2-vector spaces t^, — > t^/ [p^j = tJc'- Since A'^ is superspecial, we have dimX' = g = dimAf,, so that we 
obtain canonical identifications t^/ = t^/ and LieAp = LieX'. 

By covariant Dieudonne theory, we have a canonical isomorphism of Fp2-vector spaces: 

M' 
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All the above isomorphisms and identifications respect the Oj. (p)-structures of the modules considered, and also 
the polarizations induced by A. 

By our assumptions, F + ^ = on M', so that by Proposition l5.4[ the principal polarization ejvi' : M' x M' 
W{¥p2) induces a non-degenerate pairing of Fp2-spaces: 

, , M' M' 

which is linear in the first argument, cr-linear in the second argument, and cr-alternating (i.e. {x, y) = (y, x)" ; recall 
that — 1 here); hence ( yv[' ' ^m'; (; )) is a Hermitian space over Fp2 of dimension g — 2n, endowed with an 
action of Ok^{p) with respect to which the pairing (, ) is skew-symmetric. Since cm' is determined only up to a 
constant in , the pairing (, ) is determined up to a constant in . 

We need to study a bit more the Dieudonne module M' (cf. for example |Yu02) §3, or [OB06j 2.1). Via the 
fixed embedding v we obtain the decomposition: 

M' = M'_ eM^^, 

where: 

:— {m £ M' : iM'iV^i)^ = ±Voim}, rkiY{¥^2)'^± = 9 ■ 

One easily sees that 1/M'± C M^, i^M'± C and that ejvi' (M+, m!^) = 0, eM'(ML, Ml) = (i.e. M'_ and 
lsA'_^_ are totally isotropic with respect to the principal polarization). We have: 

M' _ M'_ M'+ 



VM' VM'_^ VM'_ 

Notice that this is a decomposition as Fp2-vector spaces with action of O^ ^p^^ where ^/a acts as — Y^(modp) e Fp2 
on the first simrmand, and as Y^(modp) on the second. Furthermore: 

M' M' 



vm; ' VM.'_ 

Proposition 5.6 Let [A^^i^X) he a triple over Fp such that for some level structure a we have [(Aq, i, A,S)] S 
Z'{Wp); let (^0,1, A ) he the canonical ¥p2- structure of {Ao,i, X). The automorphism group of the Hermitian space 
with Ok,(p)-action {y^]iM.', (,)) is isomorphic to the finite group G{p) = G{Ur x Us){Wp2). 

Proof. Let £± := Let B+ (resp. B ) be a fixed ordered basis of (resp. £-). If X is an automorphism 

of which commutes with the action of ^^^^(p), we have X £,± C £-|-, so that the matrix representing X with 
respect to B := B^UB^ is of the form: 

^=(ot 5:)^GL,(Fp2). 

Viceversa, any such matrix represents - with respect to S - an automorphism of commuting with the action 
of OkXp)- 

Since FM^^_ C M'_ and eM'(Ml, m1) = 0, we deduce that (£_,£+) = 0, by definition of the pairing (, ). This 
implies that (, ) is represented, with respect to S, by a Hermitian diagonal matrix [ ^ ^^'^ ) G GLg(Fp2), so that 
if X is as above, we have that X represents an automorphism of (-^^j?; «m', (, )) with respect to B if and only if: 

X*j^-U±-X±^ cU±, 

where c € is a scalar depending only on X. 

We conclude that the automorphism group of {y^', im.', {, )) is isomorphic to the group: 

g = {(X_,X+) e GUri¥p2;U-) X GC/.(Fp2;[/+) : c_(X_) = c+(X+)}, 
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where c± is the simiUtude factor homomorphism m GU.i¥p2]U±). The unitary spaces (F^alC^-) and {W^2\Ir) 
are isomorphic, hence we can find an isomorphism GUri^pi^U^) ~ GUri^p^) preserving the simihtude factor of 
corresponding matrices in each group; similarly we can do for GUsi^p^', U+). Putting things together we obtain an 
isomorphism Q c:iG{p). ■ 

We now need to switch to cotangent spaces in our considerations. As usual, t^, denotes the cotangent space 
(at the origin) of A'^ . As vector spaces over Fp2 , we have: 

/ M' \ 

t^, =HomF^, \^^,¥p.y 

For simplicity, let £ :— -^jj^ = £- ® £+, where £± := , so that t^, — £*. The action of Ofc,(p) on £ induces 
by functoriality an algebra homomorphism: 

■■OZl,^=0,^^p)^^nA^^^An 

defined by i^{b){r]) :— i] o i[h) for all b G Cfe,(p) and 77 G t^j^. Notice that -y/a G Oa;.(p) acts on £5. as ±\/a(modp), 
via . 

The non-degenerate Hermitian pairing (,) on £ induces a cr-semilinear isomorphism of Fp2 -spaces e : £ — )• £* by 
setting Ey : w ^ {w,v) for all w,w G £. This allows us to define a pairing (,) on £* by setting (£^^,£^2) (wi,W2) 
for all vi,V2 G £. One can check that we have obtained a non-degenerate pairing (, ) : £* x £* — > ¥p2, which 
is tr-semilinear in the first variable, linear in the second, and such that (?7i,?72) — iV2iVi)'^ for VijV2 ^ '^*- 
Furthermore {i^ {b)rj 1,7)2) — {Vii^^ (J^)'n2) fo^' ^ S O^j^p-f, and (^£,*_ , £,*^_) = 0. We have therefore obtained a 
Fp2 -Hermitian space: 

of dimension g, endowed with an action of Ok^(p) with respect to which the pairing (, ) is skew-Hermitian. 
Lemma 5.7 There is an isomorphism of groups: 

AutF^,(t^,;z^(,))^G(p). 

Proof. The result follows from Proposition 15. 6[ since the map X 1— > (X*)^^ defines a canonical isomorphism of 
groups AMif^^{i\r,i''^, (,)) -J> Aut^^^ (LieAf,; i, (,)). ■ 

We can now give the following: 

Definition 5.8 Let {AQ,i,X) be a triple over ¥p such that for some level structure a we have [{AQ,i, X, a)] G Z'{¥p); 
let (Ag, j, A ) be the canonical ¥p2 -structure of {AQ,i,X). A basis of invariant differentials of (AQ,i,X ) (over 
Fp2 ) is a choice of an ordered (similitude) Hermitian basis 77 — {rj_, rj^) of the Hermitian module (t^, ; i^, (, )) such 

that rjj. is a basis for (t^, )± :— (^ ^^, ^ • 
We have: 

Lemma 5.9 Let {AQ,i,X ) be as above: 

(a) there is a basis of t*^, with respect to which the automorphisms 0/ (t^, ; i^, (, )) are represented by the matrices 

ofG{p)^G{UrXU,){¥p2); 

(b) there are basis of invariant differentials for {Aq, i, X ); 

(c) letB be a basis oft*^, as in (a) and letrj G F^a be the coordinate column vector of a basis of invariant differentials 

for {A'Q,i,X ). Then any other coordinate vector (with respect to B) of a basis of invariant differentials for 
(j4g, i, A ) is of the form Mrj for some M G G{p). 
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5.3 Superspecial modular forms 

We assume fixed from now on a basis 7/q of invariant differentials for (^Q,io, Aq). 

Definition 5.10 The symbol Z'j^^^ jiVp) denotes the set of equivalence classes of tuples {A, i, X, a, rj), where (A, i, X, a) 
is a representative for an equivalence class [{A,i, X,a)] G Z'(¥p), andrj is a choice of basis of invariant differentials 
for the triple {A',i',X ) defined over¥p2. Two tuples {A,i, X,a,r]) and {Ai,ii, Xi,ai,rii) are equivalent if there is 
an isomorphism f : {A,i,X,a) — > {Ai,ii, Xi,ai) such that f*{rii) — rj, where f* : t^^^ — >■ is the cotangent map 
induced by f. 

Remark 5.11 Let g G J{1ip) C GLg(5Hp) and let v e Lie^Q ~ F^a,- w G i^/ = (Lie^g)*. Then g acts on v and on 
Lo as follows: 

g ■ V : — g[u\odH)v 
g • LO : = a; o (^(modn), 

where 11 is a uniformizer for *Hp. 

Proposition 5.12 For any fixed choice of left transversal y (resp. Q) for J['Ep) in J{Qp) (resp. Up in J{Zp)), the 
uniformization morphism for the superspecial locus Q'(¥p) induces a Hecke-equivariant isomorphism B'^jj^(Fp) := 

©d»//(^p)(7(JV)' 

e'^^jfiWp) : /(Q)\ [.mp)/UpXG{AP)/U{N)) ^ Z'^.f^iWp). 

Proof. (In tliis proof, for ^ G I{Q) we will sometimes write ^ to denote ao.p('C) G J{Qp)j or viceversa, if 
no ambiguity arises, cf. I4.1.1[) . Let /(Q) • (^p~^UpXxU{N)^ be a fixed element in the above left hand side; there 
are uniquely determined y^^ G y and g^^ G G such that p'^Up = y^^g^^Up. By the definition of 6'(Fp), 
we obtain a well defined tuple (y* y**o, 2/* Ao, a;~^ ■ y*ao) representing a class in Z'{¥p). Since the p-divisible 
group of (?/*j4o, ?/*io, 2/*Ao) coincides with (X,ix, Ax), rjo is a basis of invariant differentials for the Fp2-model of 
(?/*Ao, ?/*io, i/*Ao), via the canonical identification: 

(Liey.A^)* = (LieX')*; 

therefore rjQg is also a basis of invariant differentials for the Fp2-model of {y■^,Ao, y*«o, y*Xo). We set: 
e'diffiVp) ■■ HQ) ■ {y-^g-^UpXxU{N)) ^ [iy*Ao,y*io,y*\.x~^ ■ y*ao,Vog)]. 

Notice the above assignment is well defined, once we fixed the transversals y and Q: we only need to check 
that the map constructed factors through /(Q). Let ^ G I{Q), so that £,^,Aq — Aq. Then S,y~^g~^Up = yi^gi^Up 
for uniquely determined yi^ & y and g^^ £ Q (notice that here S,y~^g^^ should be more properly be written as 
Q^o,p(02/~^5"^)- Write yi — f ■ y^~^ with / = gi^ug G J{'Lp), for some u G Up. The isomorphism / induces an 
isomorphism: 

fab ■■ {y*Ao,y*io,y*Xo) 4 (yi,*Ao, ?/i,*io, 2/i,*Ao)- 
By definition of the action of /(Q) on G(A^)/[/(iV) we have: 

^ • xU{N) = a^{^)xU{N) = ao o Hi{^) o a^^ o xU{N). 

The level structure on (j/i *Ao,2/i *jo,2/i *Ao) associated to the pair yi^gi^Up x aQ{(,)xU{N) is therefore induced 
by: 

x~^al{C^)yi,*{ao) = x~^aoHi{C^)a^^OioHi{yj;^) = 
= x-'aoHi{y-'f-') = 
= x-'y^ao) ■ H,{f-'), 

so that fab is an isomorphism 

fab ■ {y*Ao,yJo,y^Xo,x^^ ■ y^ao) 4 (yi,*Ao, ?/i^*io, 2/i,*Ao, a;"^ao(C~^)2/i:*("o)) 



37 



The cotangent map induced by fab gives: fatiVodi) — — — Vad^ ^o that fab preserves the choices of 

invariant differentials. 

The map Q'^^^j{¥p) is surjective: let [{A,i, X,a,r])] £ Z'^-jj{¥p); we can find y^^ G y, g^^ G JC^p) and 
X G G(Ay) such that {A, i, A, a, 77) is isomorphic to a tuple of the form: 

Let g-i G g such that g-^Up = g-if/^; then [{A,i,\,a,r,)] = e'^,/^(Fp)(/(Q) • (y-^g-^UpXxUiN))). 

The map 8^jyy(Fp) is injective: let us fix y^^,yi^ G y, g~^,gi^ G and x,xi G G(Ay) such that there is an 
isomorphism: 

fab ■■ {y*AQ,yJo,y^jQ,x~^ ■ 2/*So,»7o5) ^ (2/i,*^o, 2/i,*«o, yi,*Ao, a^r^ ■ yi,*ao,%gi)- 

Denote by / G J{Zp) the automorphism induced by fab on (X,ix,Ax) and let ^ = {y~^ f~^yi)ab & ^iQ) be the 
auto-quasi-isogeny of (Aq, io, Aq) inducing y~^ f~^yi on (X, ix, Ax)- Since / is an isomorphism, we have: 

(i) x^^yi,^{aQ) ■ Hi{f) = a;~iy4"o), so that x = aoHi{y^^ f^^yi)aQ^xi{modU{N)); 

(ii) %.9i/ = Vo9, hence gi/ = .g(modJ7p). 
Then we have: 

IiQ)-{yY'g^'UpXxiU{N)) = 

= HQ) ■ i^y^'g^'UpXaPiOxiUiN)) = 

■ {y-\9if)-'UpXaoH^{y-^f-^y^)a-'x,U{N)) 

= J(Q) • {y-'g-'UpXaoHi{y-\r'yi)a^'xiU{N)) i 
= I{Q)-{y-'g-'UpXxU{N)). 

The Hecke-equivariance of |0Jii//(]Fp)KP | (with respect to the projective systems of domain and codomain 

obtained by varying the level structures) is an easy consequence of the definition of the Hecke operators in this 
context: for 7 G G(Ap let us denote by Hj the corresponding Hecke operator acting on the domain or codomain 

of Qdiffi^p): for a suitable level subgroup. For y~^ G 3^, g~^ G G and x G G(A^) we have: 

HQ) ■ {y-^g~^UpXxU{N)) ^ /(Q) • {y~^g-^UpX^-^x-f ■ j-'U{N)j) 

I — > [(y*Ao,2/*io,2/*Ao,7 X 7-2/* (7 ao),?7o5); 
^(Q) • {y-'g-'UpXxUiN)) ""'"tllf"'' [{yUo,y*io,y*Xo,x'' ■ y,{ao),Vo9) 
[(2/*^o,y*«o,y*Ao,7"^a;"^ ■ 2/*(ao),?7o5): 
and 7^ia::~i7 • 2/*(7""^"o) = 7""^a;~i • y*(ao). ■ 

The isomorphism 9J;jy^(Fp) described above depends upon the choices of transversal Q and 3^. We assume from 
now on that such transversal have been fixed. 

For an algebraic Fp-representation p : GLg GLd of the group GLg, we denote by Mp(N; ¥p) :— Afp(2?^ Fp) 

the Fp-vector space of unitary modular forms (modp) of signature (r, s) for the field fc, having weight p and level 
N. Denote hy l : Z' ^ Sx>^u{n) ® ^p the closed immersion of Fp-schemes associated to the inclusion of sets 
.^'(Fp) C 5x)^(7(Ar)(Fp). We want to consider "restrictions" of modular forms to the superspecial locus, as in 
[Ghi04a| . 4. At this purpose, let t : G{Ur x Us) ^ GL„i be an algebraic Fp-representation of the Fp-group 

G{Ur xUs). 

Definition 5.13 The space M^^ {N;¥p) of {r, s) -unitary superspecial modular forms (modp) for the field k, 
having weight t and level N is the finite dimensional ¥ p-vector space whose elements f are rules that assign, to 
any tuple {A,i,X,ol,ri)/¥p such that [(A, i,A,a)] is an element of Z'{¥p) and rj is an ordered basis of invariant 

differentials for A ), an element f{A,i,\,a,rj) G Fp in such a way that: 
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(a) fiA,t,X,a,fiM)=T{M)-\f{A,t,X,a,7^) for all M G G(p) ~ Autp^, (t^^,; (, )); 

(b) if (^,i,A,a,?7) ~ (^i, ii, Ai, Si, ?7i) then /(A, i, A, a, 77) = /(Ai, ii, Ai, ai, jy^). 
We have another description of the above space: 

Proposition 5.14 For any algebraic ¥p-representation p : GLg — > GLd, denote by Resp its restriction to G{Ur x 
Us). Then: 

M£,p(7V;Fp) = H0(Z'(Fp),.%). 

Proof. By_Proposition |3Jl if / G H°{Z' (Fp), L*Ep), then_/ satisfies (a) and (b) oi Dei. [5l3l Viceversa, let 
/ G M^^^p{N;¥p) so that / is an assignment on tuples {A,i, X,a,r])/¥p as in Def. 15.131 in particular 77 here is a 

basis of invariant differentials for (A' , i, A ). If w is any ordered basis of t^, there is a unique G GLgiVp) such 
that Lo — rjX^^j^ and we define /(A, i, A, a, w) :— p{X^^ri)~^ ■ f{A,i,X,a,r]). This assignment is well defined as p is 
a representation of GLg, and allows us to view / as an element of H'^{Z'(¥p), t*Ep). ■ 

The definition of M^*(iV; ¥p) depends upon Z'(Fp), hence upon the choice of {Aq, io, Ao, ao) that we have fixed 
at the beginning. It is clear that the Hecke operators act upon M^^{N;¥p). 

5.3.1 Algebraic modular forms 

We briefly recall the definition of algebraic modular forms modp in our context (cf. jGro99) ). By Proposition 
14.31 we have identifications I{Qp) = J{Qp) and /(Ap = G'(Ap; we set U := UpXU{N) and view it as an open 
compact subgroup of /(A/). The group /(Q) is discrete inside /(A/), by |MR96b| . 6.23, so that the double coset 
space I{Q)\I{Af)/U is finite, because J(Q)\/(A/) is compact (cf. |Gro99) , Prop. 1.4). Assume fixed an algebraic 
Fp-representation r : G{Ur x Us) — > GL,n. 

Definition 5.15 The space of algebraic modular forms (modp) for the group I, having level U and weight 
T is the ¥p-vector space (of finite dimension): 

MfsiN;¥p) : = {f : I{Q)\I{Af)/U ^¥p : 

: f{gM) = T{M)-^f{g), M G G{p), g G /(Q)\/(Ay)/C/}, 

where the right action of G{p) on I{Q)\I{Af)/U is induced by the identification G{p) = J{'Lp) /Up. 

The space M'^^^{N; ¥p) is endowed with a natural action of the Hecke algebra and our previous computations 
give: 

Proposition 5.16 There is an isomorphism of finite dimensional ¥p-vector spaces endowed with Hecke action: 

Mf^N;¥p) ^M^'{N;¥p). 

Proof. By Proposition l5.121 we have an isomorphism of Mf^{N;¥p) with the space of functions Z^j^j(Fp) — )• 
F^ satisfying condition (a) of Def. 15.131 (Note that if G G, mUp G J{Xp)/Up then by definition rj^g ■ mUp = 
rjom-^g). ■ 



5.4 The Hecke eigensystems correspondence 

To establish the correspondence between Hecke eigensystems coming from algebraic modular forms and PEL- 
modular forms in the unitary settings, we begins by following |Ghi04a| . 4. 

Let I be the ideal sheaf associated to the closed immersion of Fp-schemes l : Z' ^ ^^.(/(Af) ^¥p, so that the 
following is an exact sequence of sheaves over S := Sxi.u(n) ^p- 

^ Os ^ i*Oz' 0. 
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Since S is of finite type over Fp, it is noetherian, so that X is a coherent ideal sheaf on S. After tensoring the above 
sequence with the locally free sheaf of Os-modules Ep and then taking cohomology, we obtain the exact sequence: 

By |Har77| III, 2.10 we have H^{S, L*Oz'<»Ep) = H"{Z',L*Ep), since the projection formula gives t*i*Ep = 
i-*Cz'(8)Ep. The above exact sequence of vector spaces can therefore be written, by Prop. I5.14[ as: 

^ i/°(5,I®Ep) ^ MpiN;¥p) A MZspiN;¥p), 

where the last map r need not to be surjective. Recall that Res p is the restriction of p to the algebraic group 
G{Ur X /7s). Furthermore, observe that r is Hecke-equivariant. 

r 

Proposition 5.17 There exists a positive integer toq such that the above map r is a surjection -Mpgidct™ (-^; ^p) ^ 
^Ros(pcsdct'")(^;^p) for any m > mo. 

Proof. The invertible sheaf of O^-modules /\^ E = Edct is ample over S (cf. for example [Lan08| . Th. 7.24.1). 
The proposition now follows in the same way as |Ghi03] . Prop. 24. ■ 

With the notation introduced in this section, we have: 

Theorem 5.18 Let p be an odd prime and fc/Q be a quadratic imaginary field extension in which p is inert. 
Let n be a positive integer and let r, s be non-negative integers such that r + s — g :— 2n. Let furthermore 
N > 3 be an integer not divisible by p. Denote by I the reductive Q-group whose Q-rational points are given by 
^(Q) = G GUg{^; Ig) : X$ = where 58 is the quaternion algebra over Q ramified at p and oo, and $ is 

as in \5.1.1[ 

The systems of Hecke eigenvalues coming from [r, s)-unitary PEL-modular forms (modp) for the quadratic 
imaginary field k, having genus g, fixed level N and any possible weight p : GLg — > GL^^^p^, are the same as 
the systems of Hecke eigenvalues coming from (modp) algebraic modular forms for the group I having level U = 
Up X U{N) C /(A/) and any possible weight p' : G{Ur x Us) — > GL^n'(p')- 

Proof. To prove the result we first show that any system of Hecke eigenvalues occurring in the spaces 
{Mp{N; Fp)}p for variable p : GLg — > GL^(^p-^ also occurs in the spaces {M^'*(iV; Fp)}t- for variable r : G{Ur x Us) — 
GLjyi(T)- Then we follow the proof of Th. 28 in |Ghi0 3' . to show that the converse is also true, and finally we apply 
Proposition l5.16l Notice that the first part of this proof is different from the one given in [Ghi03) . 

For any integer i > we have an exact sequence of O^-modules: 

^ r+i^ r ^ r/i'+i ^ o 

giving rise to the exact sequence in cohomology: 

^ H°{s,r+^ (E) Ep) ^ H"{s,r (g) Ep) 4 H"{s,r/r+^ «) Ep), 

which defines the homomorphisms for any i > (notice that rg = r). 

For any j > 1 we also have the exact sequence of sheaves of O^-modules: 

Os<E)F/F+^ L,Oz'^F/P^^ 0. 

Notice that the image of the first map is zero, so that we obtain isomorphisms of O^-modules 1^/1^+^ ~ ^*Oz' ® 
for any j > 1. In cohomology we have therefore canonical isomorphisms f ^ for any j > 1: 

: H°{S,V/V+^ ® Ep) 4 H\Z\ l* {V /V+^ ® Ep)). 

Let 7^ / e Mp{N-Mp) = i?°(5,Ep) be a Hecke eigenform for some fixedjveight p : GLg GL^. If r{f) 7^ 
then the system of Hecke eigenvalues associated to / occurs in M^^^ ^{N ;¥ p) , since r is Hecke-equivariant. If 
r(/) = 0, then / € -ff°(iS,X(g)Ep). We claim that there is a positive integer h such that / e H^{S,I^ (E) Ep) and 
r/i(/) 7^ 0. Assume not, then ri(/) = and / £ LI^{S,i^ ® Ep), so that we can compute r2{f) and we need to 
have r2{f) = 0; therefore / e H^{S,I^ ® Ep), etc. Reiterating this procedure we deduce that / e ® Ep) 
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for all integers i > (recall that ... C H^{S,T+^ (g) Ep) C H°{S,T (g) Ep) C ... C H°{S,I (g Ep)), so that / = 0, 
contradictmg our assumption f ^ 0. Then there exists a positive integer h such that / £ H^{S,X^ ® Ep) and 
rh{f)^Q. Let: 

Since ^ is injective, f"" is non-zero. Observe that 1^/1^+^ = Syra^{I/l'^) and that = t*(r2^) (cf. |Har77j 

II, 8.17). 

We now need to use the Kodaira-Spencer isomorphism for our PEL variety : let A'^p denotes the universal abelian 
scheme over 5, endowed with the polarization Xuniv and action iuniv of the ring (p); let X^-^ denotes the dual 
abelian scheme. By Prop. 2.3.4.2. in [Lan08] . the Kodaira-Spencer map induces an isomorphism of O^-sheaves: 

where: 

J, _ ( Kniv{y) ® z - Xl^^^{z) ® y 

" I z«™.(6)*(x)®2/-x®w.(6)*(y) •^G^^.2/'^eiB.^,&eU, 

(the map A*„j„ denotes the pull-back isomorphism A*„jj, : E^ — > ¥.x, and iuniv{b)* denotes the endoniorphism of 
E^ induced by iuniv{b))- Precomposing KS with id ® A* we get the isomorphism of sheaves: 

Sym^E 



J 



where J = {iuniv{b)* {x) ® y — x ® iunivi^Y {v) '■ x,y £ £ Oj^^(^p-j') and E : = Kx as usual. Write Sym^ E := 
(Sym^E) / J and notice that J is not preserved by the group GLg (if rs > 0), but it has an action of GLr x GLs, 
because of the determinant condition imposed in the definition of the moduli problem. 
We have: 

H"{Z',L*{I''/I''+^ (E)Ep)) = H°{Z',L*{Sym'' (Sym^E) ®Ep)). 

The group GLr x GLg acts on the sheaf i*(Sym'' (Sym^E) (g)Ep), and this is enough for our purposes, as the space 
of superspecial modular forms is defined for representations t of G{Ur x Us) C GLr x GLg. We conclude that: 

r e H\Z',,*{Syva^ (Sym^E) m,)) = Ms^' sym^(.t.)«Resp(^; 

where we are viewing Sym'' Sym^{std) ® Resp as a representation of G{Ur x Us) by restriction [std : GLg GLg 
is the standard representation of GLg). 

The maps rh and £,f^ are Hecke equivariant; as N. Fakhruddin showed in |Fak09j . the Kodaira-Spencer map is also 
Hecke-equi variant, modulo a rescaling on the Hecke operators acting on Sym^(E). We deduce that, after performing 
the mentioned rescaling, the non-zero form J*'* is an Hecke-eigenform with the same eigenvalues than our original 
/• 

On the other side, let assume we are given a non-zero eigenform e M^f {N;¥p) for some weight p' : 
G{Ur X Us) — > GLm'. There is a rational Fp-representation p : GLg — > GLm whose restriction to G{Ur x Us) 
contains p' . Indeed the algebraically induced representation p" := Ind^^^ ^ p' contains (non-canonically) a 
finite dimensional G{Ur x C/^)- invariant subspace r that is G{Ur x J7s)-isoniorphic to p'; by local finiteness there is 
a finite dimensional GLg-submodule p of p" containing r as a G{Ur x [/s)-submodule. 
By Proposition 15. 171 there is an integer c > divisible by — 1 such that the map: 

r : Mp«dct=(iV;Fp) M^L(p«det=) ^^p) = M^l~,{N;¥p) 

is surjective; since Mpf{N;¥p) C M^^^~{N;¥p) and since r is Hecke-equi variant, we see that a system of Hecke 
eigenvalues occurring in Mpf{N;¥p) also occurs in Mp0det=(-^; IFp). 

We conclude that the system of Hecke eigenvalues arising from our spaces of modular forms Mp{N;¥p) for 
varying p : GLg — > GLm, coincide with the systems of Hecke eigenvalues arising from the spaces Alpf {N;¥p) for 
varying p' : G{Ur x Us) ^ GLm' ■ The theorem now follows from Proposition 15. 161 ■ 

We presented here the construction of the Hecke correspondence in the PEL unitary case. One obtains the 
result of Ghitza (for g > 1) by forgetting about the action of the algebra with involution that appears in our 
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computations; observe that for Siegel modular forms, the superspecial locus has an easier shape, as explained by 
Remark [m 

Under suitable assumptions that guarantee that the superspecial locus is non-empty, one obtains a result similar 
to the above Theorem 15.181 in the context of Hilbert modular forms, i.e. for PEL-data of type C-I with e > 1 (cf. 
I3.1.2P . One condition that needs to be satisfied in this case is the existence of an embedding of the fixed totally 
real field into the subset of symmetric matrices of Mg(*8), for *B the quaternion algebra over Q ramified at p and 

oo (here a matrix X G Mg(*8) is said to be symmetric if X — X*). 



5.5 Computing the number of Hecke eigensystems 

We continue to assume fixed the notation introduced in the previous section, in particular we work with unitary 
(modp) PEL- modular forms of signature (r, s), with p > 2. We want to give an estimate of the number of distinct 
(modp) Hecke eigensystems occurring in the spaces Mp{N;¥p) for N fixed, and varying p; we follow the lines of 
|Ghi04b| . 

Denote by Af := Af{p; k, r, s; N) the number of distinct Hecke eigensystems occurring in the totality of spaces 
Mp(7V;Fp)'s for p varying over the set of representations of GLg over Fp; by Th. 15.181 and Prop. I5.16[ A/" is the 
number of distinct Hecke eigensystems occurring in the totality of spaces Mp''{N; Fp) where p now runs over the finite 
set Irr(G'(p)) of isomorphism classes of irreducible finite-dimensional representations of G{p) := G{Ur x J7s)(Fp2) 
over Fp. If p : G{p) — > GL{Wp) is any fixed element representing a class in Irr(G'(p)), we have: 

M-(7V;Fp) = {f ■.Z'^,^j{¥p)^Wp:f{[{A.iXci,vM)]) = 
p{M)-^f{[{A,iXol,v)]), ah M e G(p), [(A, z. A, a, 77)] G Z^,;/(Fp)}, 

so that, by definition of Z'(Fp) we have dim^^ Af^"(iV;Fp) < #Z'(Fp) • dimj^ Wp, and: 

AA<#Z'(Fp)-y dimp Wp. (1) 

We now give estimates of the two factors appearing in the right hand side of the last inequality. 



5.5.1 Estimate of the cardinality of the superspecial locus 

In order to compute ^Z'{¥p), one would like to have an explicit mass formula for superspecial varieties of the 
PEL-type considered here; lacking such an explicit formula, we can instead using what is known for Siegel varieties. 
Let us denote by A := Ag^i.N the Siegel moduli scheme over Oj, (p) classifying prime-to-p isogeny classes of 
tuples {A, A, a), where A is an abelian projective scheme over some S G SCHq^ of relative dimension 5, A is a 

principal homogeneous polarization of A, and a is a full level N structure on {^, A); there is a natural mapping 
j from the moduli ©^^(p) -scheme S := Sj) associated to the PEL-datum V of type A that we fixed here, to A. 
More precisely, by fixing an isomorphism of Q- vector spaces y := fc^ ~ Q^^ we obtain a monomorphism of Q- 
groups GUg{k;r,s) ^ GSp2g{J) — GSp2g, where J is some symplectic form on Q^^; then by definition, if S is 
some locally noetherian Oj. (pj-scheme, j sends the equivalence class [{A,i, X,a)] € S{S) to the equivalence class 
[(A, A, a)] e -4(5'), where a is the U'{N) orbit of the symplectic isomorphism a : Ay) V (E)q Ap with 

U'{N) := Ker{GSp2g{V>:J) GSp2g{tP /NIJP\ J)) (notice that U{N) = U'{N)r]GUg{Ok®IJP]r,s)). 

By works of Kisin and Vasiu, j is a closed immersion. For our purposes, we content ourselves with the fact that 
j induces an injection on closed Fp-points, and sends injectively the set of closed points Z'(Fp) of the superspecial 
locus of the unitary PEL-variety S ®¥p - relative to our choice of [Aq, iq, Aq, ao) - into the superspecial locus of 
^(Fp). We can use the estimate given in |Ghi04b| . based on the explicit mass formula for superspecial principally 
polarized abelian Fp-varieties due to Ekedahl ( jEke87j ) and based on work of Hashimoto-Ibukiyama ( [KH80j ) : 



#^'(Fp) < Gg ■ #GSp2giZ/NZ) ■ ip' + (-1)0, (2) 



where the constant Gg is defined to be: 



(_l)9(9 + l)/2 g 1 g 

(here C is the Riemann zeta function, and B2i denotes the 2j-th Bernoulli number). 
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5.5.2 Estimates on the size of irreducible representations of G{p) 

All the representations we consider in this section are finite dimensional over the appropriate field. The number 
of pairwise non-isomorphic irreducible representations of the finite group G(p) over Fp coincides with the number 
kP{G(jp)) of p- regular conjugacy classes of G(p); a matrix element X of G(p) is p- regular if and only if its minimal 
polynomial has only simple roots over Fp, that is to say if and only if X is semi-simple (over Fp). 

The group G{p) is the set of Fp-points of the connected reductive algebraic group G := G{Ur x Us) defined over 
Fp; one can compute the center Z and the derived subgroup G' of G and find: 



Z = Z'' 



G{UixUi) if rs 7^0, 
GUi if rs = 0, 

SUr X SUs. 



g-2 iirs^ 0, 
g — 1 if r.s = 0, 



Since G' is connected, simply-connected and semi-simple with rank: 

rk{G') = 

by applying Theorem 3.7.6 of |Car85| . we have: 

If i > 2, then SUt{¥p2) is the set of Fp-points of a group of a simply connected group of type ^At-i{p), and 
its order is (cf. |Car85j 2.9) #SUt(¥p2) = . n*=2(P' - (-!)')• (We set S'C/o(Fp2) = SUi{¥p2) := {!}). 

Using the exactness of the sequence 1 — SUt{¥p2) — > Ut{¥p2) Ui{¥p2) — )• 1 for t > 0, one deduces that 
#t/t(Fp2) = #S'[/t(Fp2) ■ {p + 1). We conclude that for any choice of non-negative integers r and s such that 
r + s = g we have: 

#GiUr X Us){¥p2) = #Ur{¥p2) ■ #Us{¥p2) ■ {p ^ 1) = 

= p "'""'"'""' • ULAf - i-m ■ UUip' ~ (-1)') • (p- !)• 

In particular, a p-Sylow subgroup of G{Ur x Us){¥p2) has order ~ . Since G(p) is a group with a split 

(i3,7V)-pair (cf. |Car85) 1.18), we deduce that if p : G{p) GL{Wp) is an irreducible representation of G{p) over 
Fp, then: 

r(r-l) + 3(3-l) 

dimp^l^p<p 2 . (4) 

(The proof of this fact is contained in [Cur 70) : cf. esp. corollaries 3.5 and 5.11). Putting together formulae ([3]) and 
dH) we obtain: 

E,...^-.^.-.^dimp^W^, < (5) 



'[p]6lrr(G(p)) 



< 



p ''''' "2°'° " ■pg-2(p- l)(p+ 1)2 ifrsT^O, 
p^^T^ •p9-i(p- l)(p+ 1) 



if rs ~ 0. 



5.5.3 Upper bound for the number of Hecke eigensystems 

Putting formulae ([2]) and ([5]) together into formula ([T]), we obtain: 

Theorem 5.19 Let p > 2,k,r, s, N he fixed as above (in particular r,s > and r + s = g) and set Cg := 
2^^^(.9!)^^ nf=i ^2i- The number Af := J\f{p;k,r,s; N) of distinct (modp) Hecke eigensystems occurring in the 
spaces Mp{N] Fp) for varying p satisfies the following inequality: 

< Cg •#G5p2g(Z/7VZ) • 

J-J-z=i y p^^ •p9-i(p- l)(p+ 1) i/rs-U. 

In particular, if we keep k, r, s, N fixed and let p > 2 vary: 

A/'e 0(p»'+f+^""), for p^ 00. 
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For an estimate of N in the case of Siegel modular forms, of. |Ghi04b| : for elliptic modular forms, one can 
find a conjectural mass formula for the asymptotic with respect to p of two-dimensional odd and irreducible Galois 
representations of Q in |Cen09) . 
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